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Abstract—In standard within-subject analyses of event-relatedproperly describe this link but their computational costlan

fMRI data, two steps are usually performed separately: dxien

of brain activity and estimation of the hemodynamic respens

Because these two steps are inherently linked, we adopt the
called region-based Joint Detection-Estimation (JDE) freework
that addresses this joint issue using a multivariate infee for
detection and estimation. JDE is built by making use of a regal
bilinear generative model of the BOLD response and constiag
the parameter estimation by physiological priors using teanal and
spatial information in a Markovian model. In contrast to prgous

works that use Markov Chain Monte Carlo (MCMC) techniques

to sample the resulting intractable posterior distributipwe recast

S

their identifiability issues limit their use to a restriciedmber

of specific regions and to a few experimental conditions.
In contrast, the common approach, being the focus of this
paper, rather relies on linear systems which appear more
robust and tractable [2,9]. Here, the link between stimorat
and BOLD effect is modelled through a convolutive system
where each stimulus event induces a BOLD response, via
the convolution of the binary stimulus sequence with the
Hemodynamic Response Function (HRF). There are two goals

the JDE into a missing data framework and derive a Variatioha for such BOLD analysis: the detection of where cerebral

Expectation-Maximization (VEM) algorithm for its infereme. A
variational approximation is used to approximate the Markian
model in the unsupervised spatially adaptive JDE infereneehich
allows automatic fine-tuning of spatial regularization pameters.
It provides a new algorithm that exhibits interesting propies

activity occurs and the estimation of its dynamics through
the HRF identification. Commonly, the estimation part is
ignored and the HRF is fixed to a canonical shape which
has been derived from human primary visual area BOLD

in terms of estimation error and computational cost compdre response [10, 11]. The detection task is performed by a Géner
to the previously used MCMC-based approach. Experiments opinear Model (GLM), where stimulus-induced components are

artificial and real data show that VEM-JDE is robust to modelist
specification and provides computational gain while maiining

good performance in terms of activation detection and hemed

namic shape recovery.

Index Terms—functional MRI, Joint Detection-Estimation,
Markov random field, EM algorithm, Variational approximati on.

I. INTRODUCTION

assumed to be known and only their relative weighting are
to be recovered in the form of effect maps [2]. However,
spatial intra-subject and between-subject variability tio
HRF has been highlighted [12-14], in addition to potential
timing fluctuations induced by the paradigr.d. variations

in delay [15]). To take this variability into account, more
flexibility can be injected in the GLM framework by adding

Functional Magnetic Resonance Imaging (fMRI) is a pownore regressors. In a parametric setting, this amounts to
erful tool to non-invasively study the relationship betweeadding a function basis, such as canonical HRF derivatives,
a sensory or cognitive task and the ensuing evoked neudalset of gamma or logistic functions [15,16]. In a non-
activity through the neurovascular coupling measured ley tharametric setting, all HRF coefficients are explicitly eded
BOLD signal [1]. Since the 90’s, this neuroimaging modalit@s a Finite Impulse Response (FIR) [17]. The major drawback
has become widely used in brain mapping as well as in furef these GLM extensions is the multiplicity of regressors fo

tional connectivity study in order to probe the specialat

a given condition, so that the detection task becomes more

and integration processes in sensory, motor and cognitaia b difficult to perform and that statistical power is decreased
regions [2—4]. In this work, we focus on the recovery ofMoreover, the more coefficients to recover, the more illgabs
localization and dynamics of local evoked activity, thus othe problem becomes. The alternative approaches that aim
specialized cerebral processes. In this setting, the kayeisat keeping a single regressor per condition and add also a
is the modeling of the link between stimulation events ari@mporal regularization constraint to fix the ill-posednese

the induced BOLD effect throughout the brain. Physiologic&he so-called regularized FIR methods [18-20]. Still, they
non-linear models [5-8] are the most specific approachesd@ not overcome the low signal-to-noise ratio inherent to
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BOLD signals, and they lack robustness especially in non-
activated regions. All the issues encountered in the pusiyo
mentioned approaches are linked to the sequential treatmfien
the detection and estimation tasks. Indeed, these two ¢l
are strongly linked: on the one hand, a precise localization
of brain activated areas strongly depends on a reliable HRF
model; on the other hand, a robust estimation of the HRF
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is only possible in activated areas where enough relevam introduce the hierarchical Bayesian model for the JDE
signal is measured [21]. This interdependence and retrof@mework in the within-subject fMRI context. In Section, Il
tivity has motivated the idea to jointly perform these twahe VEM algorithm based on variational approximations for
tasks [22—-24] (detection and estimation) in a Joint Deteeti inference is described. Evaluation on real and artificiaRiM
Estimation (JDE) framework [25] which is the basis of thelatasets are reported in Section IV and the performance
approach developed in this paper. To improve the estimatioomparison between the MCMC and VEM implementations is
robustness, a gain in HRF reproducibility is performed bgarried out in Section V. Finally, Section VI discusses thasp
spatially aggregating signals so that a constant HRF shape cons of the proposed approach and some perspectives.
is locally considered across a small group of voxeéks, a

region or a parcel. The procedure then implies a partitignin Il. BAYESIAN FRAMEWORK FOR THE JOINT

of the data into functionally homogeneous parcels, in thmfo DETECTION-ESTIMATION

of a cerebral parcellation [26]. As will be recalled in more Mari q q 4 with bold dql
detail in Section Il, the JDE approach rests upon three main atrices and vectors are denoted with bold upper and lower

elements:i.) a non-parametric or FIR parcel-level modelin(‘ialSe letters e('g;rﬁ and p). A _ve(c]:ltor 'Sdtt’g colnventlon g
of the HRF shapeii.) prior information about the temporal ohumn_ vecto[; € 'Fransppse(jls enoted*byn elss_s;ate
smoothness of the HRF to guarantee its physiologicallygau®teWise, Subscriptg, m, ¢ andn are respectively indexes

ble shape; andi.) the modeling of spatial correlation betweer?VE" voxels, stimulus types, mixture components and time

the response magnitudes of neighboring voxels within ea@ﬂ'm_s';he dGauss(ljag d'smbgt'oghw'th meﬁrand covarlanésg
parcel using condition-specific discrete hidden Markowgel matrix 33 is denoted byV' (i, ). The main acronyms used in

In [22, 23, 25], posterior inference is carried out in a Biges the paper are defined in Table I. Table Il gathers definitidns o

setting using a computationally intensive Markov Chain Maonthe main "a“‘"?‘b'e.s anql pa_rameters. A graphical represemtat
Carlo (MCMC) method, which is computationally intensivé)f the model is given in Fig. 1.
and requires fine tuning of several parameters.

In this paper, we reformulate the complete JDE framé. The parcel-based model

work [25] as a missing data problem and propose a Sim-yue first recast the parcel-based JDE model proposed in [23,
plification of its estimation procedure. We resort to a varbs] in a missing data framework. Let us assume that the brain
ational approximation using a Variational Expectation Max; decomposed P = (P,)._i.+ parcels, each of them

- v/v=1: '

mization (VEM) algorithm in ‘?f‘?'ef to F’efi"e estimate; of th%ontainingJV voxels and having homogeneous hemodynamic
HRF and stimulus-related activity. Variational approxtioas properties. The fMRI time serieg; is measured in voxel

have been widely and successfully employed in the contextjofE P, at times (t,)n_1..n, Wheret, = nTR, N being
vy n/n=1... 1 n - 1

fMRI data analysisi.) to model auto-regressive noise in th@,o number of scans andR, the time of repetition. The
context of a Bayesian GLM [27]j.) to characterize cerebralnumber of different stimulus types or experimental condi
hierarchical dynamic models [28]ji.) to model transient is 1/ For a given parceP., containing a group of connected
neuronal signals in a Bayesian dynamical system [29] Qbxels, a unique BOLDVsignaI model is used in order to
iv.) to perform inference of spatial mixture models for th@., the observed datd” — {y; € RV,j € P} to the
segmentation of GLM effect maps [30]. As in our study, th§,nown HRFh., € RP+1 speéific toP,, and ;Iso to the

primary goal of resorting to variational approximationstds |,,xnown response amplitudes = {a@™,m = 1... M} with
alleviate the computational burden associated with stteha ,m _ {am,j € P,}, a being the magnitude at voxgl for

MCMC a.\pproache.s..Akm to [30]_’ we aim at comparing thEondition]m. More specifically, the observation model at each
stochastic and varlatlonal—baseq mference_scheme_s,@teo voxel j € P, is expressed as follows [23];
more complex matter of detecting activatiand estimating
the HRF whereas [30] treated only a detection problem. )
Compared to the JDE MCMC implementation, the proposed ¥i = Sihy + P£; +b;, with S; = Z aj' Xm (1)
approach does not require priors on the model parameters m=1
for inference to be carried out. However, such priors may lehere S;h, is the summation of the stimulus-induced com-
injected in the adopted model for more robustness and to madanents of the BOLD signal. The binary matriX,, =
the proposed approach fully auto-calibrated. Experiments {z7 %t n =1...N,d = 0...D} is of size N x (D + 1)
artificial and real data demonstrate the good performanaed provides information on the stimulus occurrences fer th
of our VEM algorithm. Compared to the MCMC imple-m-th experimental conditionAt < T'R being the sampling
mentation, VEM is more computationally efficient, robust tperiod of the unknown HRFh, = {h4a¢,d = 0...D}
mis-specification of the parameters, to deviations from tfie 7.,. This hemodynamic response is a consequence of the
model, and adaptable to various experimental conditiohi T neuronal excitation which is commonly assumed to occur
increases considerably the potential impact of the JDE dranfollowing stimulation. The scalarg]"’s are weights that model
work and makes its application to fMRI studies in cognitivéhe response magnitude evoked by the stimuli, whose occur-
and clinical neuroscience easier and more valuable. This neences are informed by th&,, matrices fn = 0...M).
framework has also the advantage of providing straightfmdv They model the transition between stimuli and the vascular
criteria for model selection. response informed by the filtds,,. It follows that thea’"'s
The rest of this paper is organized as follows. In Section e generally referred to as Neural Response Levels (NRL).

M
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M TABLE |

)E ACRONYMS USED IN THEJDEMODEL PRESENTATION AND INFERENCE
Acronym  Definition
JDE Joint Detection-Estimation
Hmy Um @ HRF Hemodynamic Response Function
FIR Finite Impulse Response
@ NRL Neural Response Level
@ PPM Posterior Probability Map
2 PV HRF Peak Valuemax {haa:},_o. p
TTP HRF Time-to-PeakAt x arg;nax {haat}i—o:. D

FWHM Full Width at Half Maximum:A¢ x (d2 — d1) such that
ha,at = ha,at = PV/2,d1 < do

Fig. 1.  Graphical model describing dependencies betwieéent and T HRF Time-to-Undershootat x aﬁ?;n{hdM}d:“’D

observedvariables involved in the JDE generative model for a givercga ISl Inter Stimuli Interval

P~ with J,, voxels. Circles and squares indicate random variables aukim

parameters, respectively. Observed variables and fixexhsers are shaded. 1) Likelihood:

We used standard graphical notations where plates represétiple similar - ’ o .

nodes with their number given in the plate. The definition of the likelihood depends on the noise model

: . : assumptions. In [23, 32], an autoregressive (AR) noise mode
The rest of the signal is made of mat# which corresponds has been adopted to account for serial correlations in fMRI

to physiological artifacts accounted for via a low frequenc, : . .
ortr?or{ormaglj function basis of siz& x O. With each vﬂﬁ time series. It has also been shown in [23] that a spatially-
" is associated a vector of low fre uénc drits € RO varying first-order AR noise model helps control the false
/ hich h b . d. Withi q Y h P positive rate. In the same context, we will assume such a
which has to be estimated. Within parcel, these vectors noise modeb; ~ A’(0.T+) with T'; = 0—2A ; where A is
may be grouped into the same matdx = {¢;,j € P,}. - J ' . J g J

As regards observation noise, tiie's are assumed to be & tridiagonal symmetric matrix which depends on the AQ\R(l)
independent withb; ~ \(0,T; ") at voxelj (see Section Il- foa:ramite;j.[zj\?;]._(?j:ﬁé (:A('j;j)MN _ 1(11\(%””’” :—1 J:pj'

B.1 for more details). The set of all unknown precision. " 1. N —1 These. gramet_ers z;ren’g;éu;edp\ioxel-
matrices (inverse of the covariance matrices) is denoted B/ = L b .
T — {T,,j € P,}. The forward BOLD model expressed inS ecific due to their tissue-dependence [33,34]. Denoting

Eq. (1) relies on the classical assumption of a linear ane ti fo = (05, pih<ys, andy; = y; — Pl — th_”' the

: ; L . ikelihood can be factorized over voxels as follows:

invariant system which is adopted in the GLM framework [2]. 7, TAT

Indeed, it can easily be recast in the same formulation where . 1/2 N _YiAiY;

the response magnitudeg™s and drift coefficient¢;’s are p(Y |4, hy; L, 60) O(jljldemj 75 exp 207 )
equivalent to the effects associated with stimulus-indused )

low frequency basis regressors, respectively. Howeves, th

JDE forward model generalizes the GLM model since the 2) Model priors:

hemodynamics filter is unknown. Finally, detection is han- a) Hemodynamic response function:

dled through the introduction of activation class assignt®e  Akin to [23, 25], we introduce constraints in the HRF prior
Q= {qm, m=1... M} whereq™ = {q;-”,j € 737} andg;" that favor smooth variations ik, by controlling its second or-
represents thactivation classat voxel; for conditionm. The der derivativeth., ~ N(0, v, R) with R = (At)* (D5D5) ™!

NRL coefficients will therefore be expressed conditionadly where D5 is the second-order finite difference matrix amgd
these hidden variables. In other words, the NRL coefficienitsa parameter to be estimated. Moreover, boundary contgrai
will depend on the activation status of the voxelwhich have also been fixed di, as in [23, 25] so thaky = hpa: =

itself depends on the activation status of neighbouringel®x 0. The prior assumption expressed on the HRF amounts to a
thanks to a Markov model used as a spatial prior@ncf smooth FIR model introduced in [18] and is flexible enough
Section 11-B.2.c). Without loss of generality, we consithere to recoverany HRF shape.

two activation classes akin to [25] (activated and nonvatgid b) Neural response levels:

voxels). An additional deactivation class may be considere Akin to [23,25], the NRLs a7 are assumed to be
depending on the experiment as proposed within the JR3Etistically independent across conditions(A;0,) =
context in [31]. In the following developments, all provitle M m
formulas are general enough to cover this case. mlllp(a 10m) where 8y = {6, m = 1...M} and 6y,
gathers the parameters for the-th condition. A mixture
model is then adopted by using the assignment variajes
i , i to segregate non-activated voxelg"(= 0) from activated
. In_ a Bayesmn_fram_ew_ork,_ we first need to deflr_1e hnes ¢;* = 1). For the m-th condition, and conditionally
likelihood and prior distributions for t_he model_varlab_le% the assignment variablag”, the NRLs are assumed to
(Y,A,hy,Q) and parameter®). Using the hierarchi- independentp(a™ | g™ 60,,) = [[ pla™|q™;0,,). If

cal structure betweery’, A, h,, Q and ©, the complete jep,

model is given by the joint distribution of both the observed” = i then p(a}* [¢}* = i50m) ~ N(fim,Vim). It
and unobserved (or missing) data(Y, A, h,,Q;®) = is worth noting that the Gaussianity assumed for a given
p(Y|A hy;©) plhy;O)p(A|Q;O) p(Q;®). To fully NRL is similar to the assumption of Gaussian effects in the
define the hierarchical model, we now specify each term. classical GLM context [10]. The Gaussian parametgfs=

B. A hierarchical Bayesian Model
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TABLE Il
NOTATIONS FOR VARIABLES AND PARAMETERS USED IN THE MODEL FOR AGIVEN PARCELP~ WITH J, VOXELS.
Notation Definition Dimension
y; ER Observed BOLD signal at voxegl N
) b; € RY Acquisition noise vector at voxel N
€ hy =(hari)i=o...p € RPT'  HRF sampled an\, D+1
8 a* €R NRL at voxel j for conditionm 1
g a™ ={a]",j € Py} €R/Y NRLs for conditionm Jy
q}" € {0,1} Activation class for voxelj and conditionm 1
q" ={q]",j € Py} €{0,1}’7  Activation classes for conditiom Jy
® L; e RY Low frequency drifts for voxel o
s r; e RVXN Noise precision matrix for voxej N x N
g Mo = {om, p1m} € R? Mixture model means for NRLs in conditiom 2
< Vi = {Vom, Vim} € Ri Mixture model variances for NRLs in conditiom 2
=) Bm € Ry Potts regularization parameter for condition 1
vp € Ry HRF prior parameter 1
3 X,, € {0, 1}V XTI Binary stimulus occurrence matrix for conditon N x (D + 1)
3 P ¢ RNX© Low frequency orthonormal function basis N x O

{tim, vim, 1 = 0, 1} are unknown. For the sake of concisenessgquivalently expressed in terms of the log-likelihood as
we rewrite 8, = (p,v) wherep ={p,,,m = 1...M} F(q,0)=10gp(Y |®)—KL(q||p(A,h,,Q|Y,0®))where
with w,,, = {tom, t1m} andv = {v,,,m = 1...M} with KL(q||p(A, hy,Q|Y,0)) is the Kullback-Leibler (KL) di-
Vm = {vom, U1m }. More specifically, for non-activated voxelsvergence betweeq andp(A, h,,Q Y, ©):
we set for allm, po.,n, =0.
c) Activation classes: KL(q||p(A, hy, QY 0)) =

As in [25], we assume prior independence between the /q(A, h.,Q)log 9(A, by, Q) dAdh.,dQ. (5)
M experimental conditions regardmg the activation class as p(A,hy,Q|Y,O)
Hence maximizing the free energy with respecttamounts
to minimizing the Kullback-Leibler divergence betweg¢mand
assume in addition that(q™; ) s a Markov random field the posterior distribution of interest{ A, h., Q| Y, ®). Since
prior, namely a Potts model. Such prior modeling assumptigie KL divergence is always non-negative, and because the
is consistent with the physiological properties of the fMi)- K| divergence of the posterior distribution to itself is agit
nal where the activity is known to be correlated in space [3&|lows easily that the maximum free energy over @i D
35]. Here, the prior Potts model with interaction parametg§ the |og-likelihood. The link to the EM algorithm follows

signments. It follows thap(Q) = H p(@™; Bm) Where we

B [25] is expressed as: straightforwardly. At iteration(r), denoting the current pa-
p(q@™; Bm) = Z(Bm) " exp(Bm ZI q" = qy ar)) (3) rameter values b "~V the alternating procedure proceeds
j~k as follows:

and whereZ(f,,) is the normalizing constant and for all E-step: pAH @ = argmax F(p, 01y (6)
(a,b) € R2 | I(a=0b) = 1if a = b and O otherwise. peD
The notationj ~ k means that the summation is over all M-step: © (r) = = arg max f(pA HWQ,O) @)
neighboring voxels. The unknown parameters are denoted by 6c®

= {Bm,m =1...M}. In what follows, we will consider a However, the optimization step in Eq. (6) Ieads;ofﬁ’)HwQ =

6 -connexity 3D nelghborlng system.
For the complete model, the whole set of parameters
denoted by® = {I', L, 6,, vn, 3} and belong to a sed.

p(A h,,Q|Y, 6(7"1)), which is intractable for our model.

ence, we resort to a variational EM (VEM) variant in
which the intractable posterior is approximated by comstra
ing the space of possible distributions in order to make
the maximization procedure tractable. In that case, the fre
energy optimal value reached is only a lower bound on the

We propose to use an Expectation-Maximization (EMpg-likelihood. The most common variational approximatio
framework to deal with the missing data namely, € A, consists of optimizing over the distributionsZinthat factorize
h,cH, QecQ. as a product of three pdfs oA, # and Q respectively.

IIl. ESTIMATION BY VARIATIONAL
EXPECTATION-MAXIMIZATION

Previous attempts to use variational inference [37, 38Jiand
particular in fMRI [27, 30] have been successful, with tlyige
Let D be the set of all probability distributions o x H x  of approximations usually validated by assessing its figlédi
Q. EM can be viewed [36] as an alternating maximizatiojls MCMC counterpart. In Section IV, we will also provide
procedure of a functiotF on D, for all ¢ € D, such a comparison. The actual consequences of the factoriza
_ tion may vary with the models under study. Some couples of
F(2.8) = Eyllogp(Y, A.h,,Q1O)] +4(a) (4) latent variables may capture more dependencies that would
where Eq[] denotes the expectation with respectgtaand then need to be kept whereas others may induce only weak
Glq) = —E, [log q(A, hv,Q)} is the entropy ofg. This local correlation at the expense of a long-range correiatio
function is called the free energy functional. It can bwhich to first order can be ignored (see [39] for more details

A. Variational Expectation-Maximization principle
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on the consequences of the factorization for particularet®)d The steps above can then be equivalently written in terms
The way it may affect inference is that often variationadf minimizations of some Kullback-Leibler divergences.eTh
approximations are shown to lead to underestimated vasanproperties of the latter lead to the following solutionse(se
and consequently to confidence intervals that are too narré\ppendix A for details):

Note that [38] suggested that nonparametric bootstrapviaite

whenever possible may alleviate this issue. Also, when tﬁ/éE'H: (8)
concern is the computation of maximunposterioriestimates, ﬁ}? (h.) o< exp (walwm) [logp(h,|Y, A, Q; 9(7'—1)])

the required ingredients for designing an accurate vanati ! Pa Pa

approximation lie in the shape of the optimized free energy.E'A: ©)
All that is needed for our inference to work well is thatqr)(A> ~exp [E B [10 (A|Y,h Q_Q(T-_n)}
the optimized free energy have a similar shape (mode ahd P\ P a0 o8P e

curvature) to the target log-likelihood whenever the likebd VE-Q: (10)
is relatively large. As a matter of fact, there are caseﬁt.

such as mixtures of distributions from the exponential fami 5, (Q) o exp (E?X)i)ﬁ?) [logp(Q|Y, A, hoy; @(Tl))}> :
where the variational estimator is asymptotically comsist K

The experiments in [38] even report very accurate confidentge correspondind/-step is (since® and g(pg')H o) are
intervals. Unfortunately no general theoretical resulksste independent, see Eq. (4)): T

that would include our case to guarantee the accuracy of

estimates based on the variational approximation. Therothl: ©) = arg max Esos 50 logp(Y, A, by, Q; ©)] .

few cases for which the variational approach has shown good

: : _ (11)
theoretical properties are to the best of our knowledge lemp o i
than our setting. The fact that the HRF can be equivalent'€S€ - Stef)ﬁ,) I?ﬁ‘)j to explicit calculations
considered as a missing variable or a random paramé®r Pn,. Pa» Do~ and the parameter  set
induces some similarity between our VEM variant and the(™  — ™) L0, 00 4" gL Although the

Variational Bayesian EM algorithm in [37]. Our frameworkgpproximation by a factorized distribution may have seemed
varies slightly from the case of conjugate exponential n®denitially drastic, the equations it leads to are coupled.réo
described in [37] and more importantly, our presentatidarsf gpecifically, the approximation consists of replacing sémtic

the possibility to deal with extra parametésfor which prior - gependencies between latent variables by deterministic

likelihood manner and avoids tusing non-informative piorappendices A to C as mentioned below).

tha_t C.OU|d be pro_blemat|c [40, pp. 54'65]' Consequentlg, th ., VE-H step: From Eq. (8) standard algebra enables
variational Bayesian M-step of [37] is transferred into @&ir : ~(r) : gt e (7
: . . . to derive thatp,,’ is a Gaussian distributiop,,’ ~

step while our M-step has no equivalent in the formulation ") a)y Sy

of [37]. N (meEHW) whose parameters are detailed in Ap-
pendix B. The expressions fmg) andzgi are similar

to those derived in the MCMC case [23, Eg. (B.1)]
with expressions involving the’"'s replaced by their

expectations with respect to (Wrg'fzﬂ_l).

B. Variational Joint Detection-Estimation

We propose here to use a EM variant in which the intractable
E_—stt_ap IS instead solved ov&x a restflct_ed c_Iass of prqbablhty » VE-A step : Using Eq. (9), standard algebra rules allow
distributions chosen as the set of distributions that famtoas : . . istribution &) whi :
~ PO 2 ~ o to identify the Gaussian distribution @f,” which writes
PA,H.,,Q = PAPH,PQ Wherepa, py., andpg are probability ass — =) ith 57~ Mm% More
distributions onA, H and Q, respectively. It follows then ba = jer, P Pag; ™ .(mA_j’ 4,): .
that our E-step becomes an approximate E-step, which can be detail about the update gf;’ is given in Appendix C.
further decomposed into three stages that consist of upgati ~ The relationship with the MCMC update oA is not
the three pdfspyr., pa andpg in turn using three equivalent  straightforward. In [23,25], the]*'s are sampled inde-

expressions ofF whenp factorizes as irD. At iteration (r) pendently and conditionally on thg™'s. This is not the
with current estimates denoted W*l),ﬁifl),ﬁgfl) and case in the VEM framework but some similarity appears

@1, the updating rules become: if we set the probabilitieﬁggl)(i) either to 0 or 1 and

consider only the diagonal part élf;'?.

e Sr=1) 1) g(r-1) : :
VE-H: py, = ar%:lnax}—(pA pr, pg »© ) » VE-Q step: Using the expreSS|ons§n(fA|Q) andp(Q)
v M

: : — ; ; iald () _ ~(r) (m

VE-A: f)ﬁ{) = argmax F(pa 134}2 ﬁg 1)7@(7«71)) in Section I, Eq. (10) yieldg,’ (Q) _mllpom(q )
< pa () o) - which is intractable due to the Markov random field
VE-Q: py = argmax F(py’ Py po, O ). prior. To overcome this difficulty, a number of ap-

P

proximation techniques are available. To decrease the
In other words, the factorization is used to maximize the computational complexity of our VEM algorithm and to
free energy by alternately maximizing it with respect to  avoid introducing additional variables as done in [30],
pH.,,» pa andpg while keeping the other distributions fixed. we use a mean-field like algorithm which consists of
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fixing the neighbours to their mean value. FollowA. Artificial fMRI datasets
ing [41], pém( m) can be approximated by a factor- |n this section, experiments have been conducted on data

ized densrtprm( ™) = H me (¢f*) such that if simulated according to the observation model in Eq. (1) eher
) " 1) D) P has been defined from a cosine transform basis as in [23].
q =i, pan( i) o N(mAmMm Vim ) (@] = The simulation process is illustrated in Fig. 2.
L plr—1 (r—1) - 1
M B Um Where is a particular config- q | ag =i~ N (i, Vi
Haz ) a P J D=1 | 4 imstin) ikt PE; Noise by

uration of g™ updated at each iteration according to | i
specific schemey j denotes neighbouring voxels jon -*- ()0 b

the brain volume ancf(qj =i|q: B oY) : . @M@—»ﬁ%f@%,

o ) q 2] /\/h
moam q5|=0 I i Drift P£¢; Noise by
eXP{ A(T A1) + ﬁm kz I( k =1 } Hereabovem(r) ‘Iﬁ‘_ilq]q =1 / / ) N
Vim ~J } J

- : P—P—BOLDY),

and UATZLAW denote them and (m,m’) entries of the TR 2R 3TR 4TR STR 6TR .4.,,,%"@]
Fig. 2. Single parcel R4) artificial data generation process using two

mean vector 1(n )) and covariance matan( ) experimental conditions\( = 2). From left to right: label mapsq™ are

spectively. The Gaussian distribution with mea, and hand-drawn. Conditionally on them, NRL valu¢a’r", j € Py} are drawn
from Gaussian distributions with meaps,,, and variancew;,, whenever

Varlancevzm is denoted bW ( . ; i, Vim ), While g q7; = qj* = 4. Then, for any given voxelj, the stimulus sequence of a given
{g, k ~ j}. More details are given in Appendix D.  experimental conditiomn is multiplied by the corresponding NRL val

« M step: For this maximization step, we can first rewmghe resulting sequence is convolved with a normalized HRFwhich is
! ommon to all conditions and voxels. Nuisance signals aedlfimadded (drift

Edg. (11) as Pe and noiseb,) to form the artificial BOLD signaly; .
e = arg max {Eﬁr)ﬁr) [logp(Y|A, hV;L,I‘)] Different studies have then been conducted in order to
© 4y validate the detection-estimation performance and rolesst
+Eﬁ;)5g) [logp(A | Qs p, )] (12)  For each of these studies, some simulation parameters have

been changed such as the noise or the paradigm properties.
Changing these parameters aims at providing for each simula
tion context a realistic BOLD signal while exploring var®u
The M-step can therefore be decoupled into four subituations in terms of Signal-to-Noise Ratio (SNR).
steps involving separate(\)L, I'), (4, v), v» and3. Some 1) Detection-Estimation performanceThe first artificial
of these sub-steps admit closed-form expressions, whilgta analysis was conducted on data simulated with a Gaussia
some other require resorting to iterative or alternate-opiishite noisel’; L' — 1.2 Iy (Iy is the N-dimensional identity
mization. For more details about the related calculationgatrix). Two' experimental conditions have been considered
the interested reader can refer to Appendix E. (M = 2) while ensuring stimulus-varying Contrast-to-Noise
Ratios (for conditionm, CNR,, = 2(p1m — pom)?/(Vom +
vim) = 2p3,,/(Vom + v1,)) achieved by settingu;; =
IV. VALIDATION OF THE PROPOSED APPROACH 2.8, w12 = 1.8, o1 = po2 = 0, andvyy = v1a = vo1 =
vg2 = 0.5, so that a higher CNR is simulated for the first
This section aims at validating the proposed variational apxperimental condition((NR,,—; = 15.68) compared to the
proach. Synthetic and real contexts are considered regplgct second one((NR,,,—» = 6.48). For each of these conditions,
in sub-sections IV-A and IV-B. To corroborate the effectivethe initial artificial paradigm comprised 30 stimulus events.
ness of the proposed method, comparisons with its MCMThe simulation process finally yielded time-series of 2@&eti
counterpart, as implemented in [25], will also be conductgmbints. Condition-specific activated and non-activategel®
throughout the present section. The two approaches have b@@ values) were defined on a 220 2D slice as shown in
tuned at best so as to make them as close as possible. Higs 2[left]. No parcellation was performed. Simulated NRL
reduces essentially to moderate the effect of the MCMC grioand BOLD signal were thus assumed to belong to a single
The hyper-priors have been parameterized by a set of hypgarcel of size20 x 20.
parameters that have a limited impact on the priors theraselvThe Posterior Probability Maps (PPM) obtained using MCMC
For instance, for the mean and variance parameters invalveénd VEM are shown in Fig. 3[middle] and Fig. 3[right]. PPMs
the mixture modelu, v), conjugate GaussiaN (0,w,) and here correspond to the activation class assignment prictizsbi
inverse-gammdg (a,, b,,) hyper-prior distributions have beeng* = p(q;* = 1|y, ®). These figures clearly show the gain
considered whose parameters have been tuned by hand sm asbustness provided by the variational approximatiamsT
to make them flat while proper (egy, < +o0). For doing so, gain consists of lower miss-classification error (a lowdsda
the relationship between the hyper-parametersdggs,) and positive rate) illustrated by higher PPM values, especitlf
the statistical moments of the distribution have been cdlyef the experimental condition with the lowest CNR & 2).
studied to guarantee a large variance or a large entropyein th For a quantitative evaluation, the Receiver Operating Char
latter. Moreover, given the above mentioned flatness of theteristic (ROC) curves corresponding to the estimated $PM
hyper-priors, the MCMC approach is fairly robust to hypemsing both algorithms were computed. As shown in Fig. 4,
parameter setting. they confirm that both algorithms perform well at high CNR

+ Ez.)iHTl [log p(hy;vn)] + Eﬁ{Qm [log p(Q; ﬁ)ﬂ
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Ground Tﬁ‘th MCMC VEM as well as for the second experimental condition & 2:

o SSEnmcmc = 0.010 vs.SSEygm = 0.009). These error values
indicate that, even though the MCMC algorithm gives the most
precise PPMs for the high CNR condition (Fig.4,= 1), the
VEM approach is more robust than its MCMC alternative in
terms of estimated NRLs. These values also indicate sfightl

o lower SSE for the second experimental conditions £ 2)
{_.r'l Z; compared to the first oner{ = 1) with higher CNR. This
1 - difference is explained by the presence of larger non-aiett/
] _} areas form = 2 where low NRL values are simulated, and
o for which SSE is very low.

z',%' (f’e'ﬂ) gféegggggauE,sogt)éritgfFﬂfgaﬂ:y'ﬂaﬁt@%ygfgr,:,‘ljct,(,‘féh In addition, a test for equality of means has been conduoted t
(middle) and VEM (ight). Note that conditionm = 2 (bottom row) is test whether the quadratic errors means over voxels olataine
associated with a lower CNR than condition = 1 (top row). with VEM and MCMC were significantly close. Very low p-
values of 0.0377 and 0.0015 were obtained respectively for
(m = 1) and that the VEM scheme outperforms the MCMEonditionm = 1 andm = 2, which means that the null
implementation of the second experimental conditian=€ 2). hypothesis (the two means are equal) is rejected for thel usua
5% threshold. In other words, although the obtained error
difference is small, it is significant from a statistical wigoint.
Interestingly, Asm = 2 corresponds to a lower CNR, this
highlights the significance of the gain in robustness we got
with the VEM version in a degraded CNR context.
As regards HRF estimates, Fig. 6 shows both retrieved
R A S — | shapes using MCMC and VEM. Compared to the ground
1-specificity 1-specificity truth (solid line), the two approaches yield very similasukts
Fig. 4. Detection results for the first artificial data analysROC curves and preserve the most important features of the original HRF

associated with the label posterio@"t) using VEM and MCMC. Condition |jke the peak value (PV)’ time_to_peak (TTP) and time-to-
m = 1 is associated with a higher CNR than condition= 2. Curves are undershoot (TTU).

plotted in solid and dashed line for VEM and MCMC, respedyive

m=1
m =2

sensitivity
sensitivity

Fig. 5 shows the NRL estimates obtained by the two
methods. Although some differences are exhibited on the
PPMs, both algorithms report similar qualitative resultg w
the NRLs. However, the difference between NRL estimates
(VEM-MCMC) in Fig. 5[right] points out that regions corre- OB L
sponding to activated areas for the two conditions presest p Time (s)
itive intensity values, which means that VEM helps retrrilg/i Fig. 6. Estimation |_’esu|t§ for'the first artificial data arsidy Ground truth
higher NRL values for activated area compared to MCMC. HRF h and HRF estimate& using the MCMC and VEM algorithms.

%ABOLD signal

2) Estimation robustnessSince estimation errors may be
caused by different perturbation sources, in the following
various Monte Carlo analyses have been conducted by varying
one-at-a time several simulation parameters, namely ifmel st
lus density, the noise parameters and the amount of spedjal r
ularization. The differences in the obtained estimatiamrsr
have all been tested for statistical significance using tfst
equality of means for the errors over 100 runs. For all regzbrt
comparisons, the obtained p-values were very lpw(0.001)

- indicating that the performance differences, even whenlsma
»were statistically significant.

a) Varying the stimulus densityin this experiment,
simulations have been conducted by varying the stimulus

Ground Truth MCMC VEM VEM-MCMC

Fig. 5. Detection results for the first artificial data anayd-romleft to
right: Ground trutha™ and NRL estimate&™ by MCMC and VEM, and . . a e ; .
NRL image differenced; ,; — a7 o s¢) (right). Top row:m = 1; bottom ~ density from 5 to 30 stimuli in the artificial paradigm, which

row: m = 2. leads to decreasing Inter Stimuli Intervals (1SI) (from 4fbs
Quantitatively speaking, the gain in robustness is confirm® s, respectively). At each stimulus density, 100 realisti
by reporting the Sum of Squared Err8SE;z~ = ZJ” (@™— of the same artificial dataset have been generated so as to

J=1\"
a}”)2/J7) values on NRL estimates which are slightly loweevaluate the estimation bias and variance of NRLs. Here,
using VEM compared to MCMC for the first experimentathe stimuli are interleaved between the two conditions so

condition (n = 1: SSEypiemce = 0.012 vs.SSEyeMm = 0.010), that the above mentioned ISIs correspond to the time in-
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terval between two events irrespective of the conditiory thestimates, Fig. 8[right] shows the error values wrt the.|She
belong to. A second order autoregressive noise (AR(2)) hd&M algorithm outperforms MCMC in terms of squared bias
also been used for the simulation providing a more realistiwer all ISI values. However, the performance in terms af est
BOLD signal [23]. The rest of the simulation process isation variance remains similar with very low variance eslu
specified as before. In order to quantitatively evaluate tloer the explored ISIs range. For more complete comparjsons
robustness of the proposed VEM approach to varying inpsitnilar experiments have been conducted while changing the
! L 9 ground truth HRF properties (PV, TTP, TTU), and similar
SNR GNR = 1010gj; 154l /];Hij ), results (as- 1aquits have been obtained. In contrast to NRL estimations,
suming white noise in the model used for estimation for botrariance and squared bias are here comparable. We can even
algorithms) are compared while varying the stimulatioreranote higher squared bias for PV estimates compared to the
during the BOLD signal acquisition. Fig. 7 illustrates threoge variance.
evolution related to the NRL estimates for both experimienta HRF
conditions wrt the ISI (or equivalently the stimulus deypit o ‘
in the experimental paradigm. Estimation error is illustdain
terms of Mean Squared ErroMSE;~ = E[|a™ — a™|*] =
bias*(@™) + var(a@™)), which splits into the sum of the
variance (Fig. 7[top]) and squared bias (Fig. 7[bottompisT
figure shows that at low SNR (or high ISI), VEM is more ro-

Variance
Variance

w
Q

0”6 15 20 25 30 35 40 45

ISI (s)

) o . . . ISI (s)
bust in terms of estimation variance to model mis-speciticat 20t w0t ‘
irrespective of the experimental condition. At high SNR or | ... P i
low ISI, the two methods perform similarly and remain quitec_\ﬁgws

robust. As regards estimation bias, Fig. 7[bottom] shows le © \/_— \,/\/\

monotonous curves fom = 2, which may be linked to the

lower CNR of the second experimental condition compared * = = = = s s 0 = e we s s e a

to the first one. However, the two methods still perform well _1SI(s) . sl .
. . . ig. 8. Estimation errors over 100 simulations in a sematd@gmic scale in

since squared bias values are very low, meaning that the §&hs of variance (top) and squared bias (bottom) wrt ISisbtah the HRF

estimators are not highly biased. As reported in Section I¥d its PV.

A.1, error values on NRL estimates remain comparable for b) Varying the noise parametersin this experiment

both experimental conditions and all ISI values, althougly e a| simulations have been conducted using an AR(2g nois
PPM results present some imprecisions for the low CNEih yarying variance and correlation parameters in order t

condition ¢n = 2). illustrate the robustness of the proposed VEM approach to
] m=1 ] m=2 noise parameter fluctuation. For each simulation, 100 real-
o ‘ T * ‘ L[ eme izations were generated so as to estimate the estimatien bia
% and variance. Performance of the two methods are evaluated
§ in terms of MSE (splits into the sum of the variance and

squared bias). Fig. 9 illustrates in a semi-logarithmiclesca
for NRLs the variance and squared bias of the two estimators
plotted against the input SNR when varying tiase variance
This figure clearly shows that the bias introduced by both
estimators is very low compared to the variance. Moreover,
the bias introduced by VEM is very low compared to MCMC.
As regards the variance, our results illustrate that VEM als

10°56 15 30 35 S0 35 40 45 10" 35 320 =25 S0 35 40 45

100k 1 0 s om0 s Ao as 0% 35 20 ds so s w0 a5 slightly outperforms MCMC.
ISI (s) ISI (s) _ _
Fig. 7. NRL estimation errors over 100 simulations in a stparithmic o m=1 o . m =2 o
scale in terms of variance (top) and squared bias (bottorh)S¥s for both © oo meme © oo meme
experimental conditionsn = 1 andm = 2. e 2
8 8

As regards hemodynamic properties, Fig. 8[left] depicts er&* g
rors on HRF estimates inferred by VEM and MCMC in terms
of variance (Fig. 8[left-top]) and squared bias (Fig. 8Hef b o ssso s vo—vs Y R N
bottom]) wrt the ISI (or equivalently the stimulus density) ~ Input SNR (dB) _Input SNR (dB)
The VEM approach outperforms the MCMC scheme over the _..[ =777~ = e AT S s 1= e
whole range of ISI values, but the bias and variance remaig - s 0 ~
very low for both methods. When evaluating the estimationsgz,‘ %‘1:
of the key HRF features (PV, TTP and TTU), it turns out =~ \ \
that the TTP and TTU estimates remain the same irrespective™. o > ‘
of the inference algorithm, which corroborates the robessn  Input SNR (dB) " Input SNR (dB)

of the developed approach (results not shown). As regards Ply. 9. MSE on NRL estimates split into variance (top) and asqd
bias (bottom) wrt input SNR by varying the AR(2) noise vaden
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Fig. 10 depicts the variance and squared bias plotted dbserved3 values on real fMRI data.
semi-logarithmic scale against input SNR when varying th&hen comparing estimates for the two conditions, the curves
noise autocorrelationOverall, the same conclusions as fom Fig. 11 show that both methods generally estimate more
Fig. 9 hold. Moreover, as already observed in [42] at a fixgutecises values for the first experimental conditiom (= 1)
input SNR value, the impact of a large autocorrelation tsaving higher input CNR. For both cases, and across the
stronger than that of a large noise variance irrespectiveef three regions identified hereabove, the error bars showttbat
inference scheme. Comparing Figs 9 and 10, this propertyM&M approach generally gives less scattered estimate(low
mainly visible at low input SNR (as usually observed on reatandard deviations) than the MCMC one, which confirms the
BOLD signals). Although a slight advantage is observed fgmain in robustness induced by the variational approximatio
the VEM approach in terms of estimation error and for bothNote here that estimate@ values in the experiment of
experimental conditions, the two methods perform generall
well with a relatively low error level. The slightly better
performance of VEM compared to MCMC is likely due t(ﬁz

(O]
3
. . e ©
a better fit under model mis-specification. > . >
e} e)
m=1 m =2 Q- T
S S ©
) vem ) = Ve E" £
o 0 0 0. b 0.
g g 3 3
'%m, '%,.,a o4z o8 s s o4z o8 s s
> > real value real value
Fig. 11. Reference (diagonal) and estimated mean valugs with VEM
Y I S I I S MCMC for both experimental conditionsr{ = 1 andm = 2). Mean values
Input SNR (dB) and standard deviations (vertical bars) are computed lmas&80 simulations.
wel = Ve - Section IV-A.1 lie in the first region for the first experimaht
S S condition @MCMC = (.74, gYEM = 0.75). For the second
: condition, and because low input SNR, no clear conclusion
o T — 8 can be made since MCMC and VEM give relatively different
AN S O S S S values (MCMC = (.61, By"M = 1.01) and no ground truth

Input SNR (dB) Input SNR (dB) is available since activation maps have been drawn by hand

Fig. 10. MSE on NRL estimates split into variance (top) andiasqd and not simulated according to the Markov model.
bias (bottom) wrt input SNR (AR(2) noise) by varying the ambaf AR(2)
noise autocorrelation.

c) Varying the spatial regularization parameterThis B. Real fMRI datasets
section is dedicated to studying the robustness of theadpati This section is dedicated to the experimental validation of
regularization parameter estimation. For doing so, théstit the proposed VEM approach in a real context. Experiments
activation maps of Fig. 2 are replaced with maps obtained @wsre conducted on real fMRI data collected on a single
simulations of a 2-class Potts model with interaction patem healthy adult subject who gave informed written consentaDa
B that varies from0.5 to 1.4. When positive, this parame-were collected with a 3-Tesla Siemens Trio scanner using
ter (3) favors spatial regularity across adjacent voxels, ared 3D Magnetization Prepared Rapid Acquisition GRadient
hence smoother activation maps. Fig. 11 shows the estimakstho (MPRAGE) sequence for the anatomical MRI and a
mean valued and standard deviations f@ = {f,,,,m» = Gradient-Echo Echo Planar Imaging (GRE-EPI) sequence for
1...M?} over 100 simulations using both algorithms and fathe fMRI experiment. The acquisition parameters for the
the two experimental conditions. Three main regions can MPRAGE sequence were set as follows: Time of Echo:
distinguished for both experimental conditions. The fiseo TE = 2.98 ms; Time of Repetition: TR= 2300 ms; sagittal
corresponds t@ < 0.8, which approximatively matches theorientation; spatial in-plane resolutiori: x 1 mn?; Field
phase transition critical valug® = log(1 + v/2) = 0.88 for of View: FOV = 256 mn? and slice thicknessi.1 mm.
the 2-class Potts model. For this region, Fig. 11 shows et tRegarding the EPI sequence, we used the following settings:
VEM estimate (green curve) appears to be closer to the Grouhd fMRI session consisted af = 128 EPI scans, each of
truth (black line) than the MCMC one (blue curve). Alsothem being acquired using TR 2400 ms, TE= 30 ms, slice
the proposed VEM approach yields more accurate estimatidinickness:3 mm, transversal orientation, FO¥ 192 mm?
especially for the first experimental condition having tiglly and spatial in-plane resolution was set2o< 2 mm?. Data
high CNR. The second region correspondsite (0.8,1.1), was collected using a 32 channel head coil to enable parallel
where MCMC inference becomes more robust than VEM. Thmaging during the EPI acquisition. Parallel SENSE imaging
third region is identified by > 1.1, where both methods give was used to keep a reasonable Time of Repetition (TR) value
less robust estimation than for the first two regions. Based i the context of high spatial resolution.
these regions, we conclude that the variational approximat The fMRI experiment design was a functional localizer
(mean-field) improves the estimation performance up to paradigm [43] that enables a quick mapping of cognitiverbrai
given critical value. It turns out that such an approximatiofunctions such as reading, language comprehension andment
is more valid for lows values, which usually correspond tocalculations as well as primary sensory-motor functions. |
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consists of afast event-relatediesign comprising sixty au- in the highlighted parcels of interest. The auditory coindit
ditory, visual and motor stimuli, defined in ten experiméntaloes not elicit evoked activity and yields lowgr values in
conditions and divided in two presentation modalities {audboth parcels whereas the visual condition is associateld wit
tory and visual sentences, auditory and visual calculatiorhigher values. The latter comment holds for both algorithms

left/right aurally and visually induced motor responsesiih pyt VEM provides much lower values?i?,lgll'w ~ 0.01) than
i i ~aud.
zontal and vertical checkerboards). The average ISl is 8.7 CMC wi/{(:MC ~ 1.07) for the non-activated condition.

mcludmg al expgrlmental cond|t|on§. Such a pfarad]gm For the activated condition, the situation is comparabligh w
well suited for simultaneous detection and estimation, iQvis. ~vis. L

contrast to slow event-related and block paradigms whieh dfvem ~ 1.1 and Byome =~ 1.25. This illustrates a note-
considered as optimal for estimation and detection, respé%orthy d|fference betweer_1 \_/EM and MC_:MC_' Probably_due
tively [44]. After standard pre-processing steps (sliceig, to the mean field and variational approximations, the hidden

motion corrections and normalization to the MNI space), ttﬂ?ld may not have the same bghawour (dlfferent.regulaqat
whole brain fMRI data was first parcellated int6 — 600 effect) between the two algorithms. Still, this discrepaix

functionally homogeneous parcels by resorting to the aggro MOt Visible on the NRL maps. .

described in [26]. This parcellation method consisted of a Fi9- 12(a-b) depicts HRF estimation results which are rathe
hierarchical clustering (Euclidean distance, Ward'’s dig&) close for both methods in t_he two regions under_ c0n5|de_rrat|o
of the experimental condition effects estimated by a GLMEM and MCMC HRF estimates are also consistent with the
analysis. This GLM analysis comprised the temporal arf@nonical HRF shape. Indeed, the latter has been precisely
dispersion HRF derivatives as regressors so that the dhgte calibrated on visual regions [10, 11]. These estimationites
took some HRF variability into account. To enforce parc&Xplain why JDE does not bring any gain in sensitivity com-
connexity, the clustering process was spatially constchito pargd to the_classmal GLM: the canonical I_—|RF is th_e o_p_t|m_al
group only adjacent positions. This parcellation was useara choice for visual areas. We can note a hlghe_r variability in
input of the JDE procedure, together with the fMRI time serieth® undershoot part, which can be explained, first, by the fas
We stress the fact that the latter signals were not spatiafiyent-related nature of the paradigm where successiveedvok
smoothed prior to the analysis as opposed to the classit@§Ponses are likely to overlap in time so that it is more-diffi
SPM-based fMRI processing. In what follows, we compar%l“t to disentangle their ends; and second, by the lowersign
the MCMC and VEM versions of JDE with the classicaftrength and SNR in the tail of the response. To conclude on
GLM analysis by focusing on two contrasts of interest: i eVA contrast which focused on well-known sensory regions,
the Visual-Auditory (VA) contrast which evokes positive andVEM provides sensitive results consistent with the MCMC
negative activity in the primary occipital and temporaltazgs, Version, both.wrt detection anq estimation tasks. Thead?ses
respectively, and ii) th€omputation-Sentences (CSgontrast Were also validated by a classical GLM analysis which yielde
which aims at highlighting higher cognitive brain functfon _comparable senS|t_|V|ty in a_reglon_where the canonical HRF
Besides, results on HRF estimates are reported for the tiicknown to be valid (see Fig. 12[right]).

JDE versions and compared to the canonical HRF, as well afResults related to th€omputation-Sentences (CSgon-

maps of regularization factor estimates. trast are depicted in Fig. 13. As fovA, NRL contrast
Fig. 12 shows results for théA contrast. High positive values maps @somp' — as*™) are roughly equivalent for VEM and

are bilaterally recovered in the occipital region and therait MCMC In terms of cluster localizations. Still, in Fig. 13fte
cluster localizations are consistent for both MCMC and VEMenter], we observe that MCMC seems quite less specific than
algorithms. The only difference lies in the temporal augito VEM as positive contrast values are exhibited in the white
regions, especially on the right side, where VEM yields eathmatter for MCMC, and not for VEM (compare especially the
more negative values than MCMC. Thus VEM seems moreiddle part of the axial slices). Here, GLM results clearly
sensitive than MCMC. The results obtained by the classicgftow lower sensitivity compared to the JDE results. For the
GLM (see Fig. 12[right]) are comparable to those of JDE in trestimates of the regularization parameters, the situaion
occipital region with roughly the same level of recoveret-ac globally almost the same as for thé\ contrast, with VEM
vations. However, in the central region, we observe adtimat Yielding more contrasted maps than MCMC. However, these
in the white matter that can be interpreted as false positivealues are slightly lower than the ones reported for e
and that were not exhibited using the JDE formalism. THeontrast.
bottom part of Fig. 12 compares the estimated values of thewe first focus on the left frontal cluster, located in the
regularization factor@ between VEM and MCMC algorithms middle frontal gyrus which has consistently been exhibited
for two experimental conditions involved in théA contrast. as involved in mental calculation [45]. HRF estimates irsthi
Since these estimates are only relevant in parcels which aegion are shown in Fig. 13(b) and strongly depart from the
activated by at least one condition, a mask was applied ¢anonical version, which explains the weaker sensitivitshie
hide non-activated parcels. We used the following critetim GLM results as the canonical HRF model is not optimal in this
classify a parcel as activatediax{(fi1m)1<m<a} > 8 (and region. Especially, the TTP value is much more delayed with
non-activated otherwise). These map@cﬁstimates show that JDE (7.5 s), compared to the canonical situation (5 s). The
VEM yields more contrasted values between the visual aWMEM and MCMC shapes are close to each other, except at the
auditory conditions. Table Il provides the estimaj@dialues beginning of the curves where VEM presents an initial dip.
This might be interpreted as a higher temporal regulannati

Copyright (c) 2011 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

11

TABLE Il
ESTIMATED REGULARIZATION PARAMETERSB OBTAINED WITH VEM
AND MCMC JDEFOR THE EXPERIMENTAL CONDITIONS INVOLVED IN
THE STUDIED CONTRASTS VISUAL -AUDITORY (VA) AND
COMPUTATION -SENTENCES (CS). RESULTS ARE PROVIDED FOR THE
TWO HIGHLIGHTED PARCELS FOR EACH CONTRAST(SEEFIGS. 12-13).

VA contrast CS contrast
" parcel~q parcely2 parcelys Y4
271 271 272 272 273 3273 3274 23\74
. Sent.

’ Vis. Aud Vis. Aud Comp.”Sent Comp
-0 MCMCJ|| 1.28 1.08| 1.24 1.05| 1.08 0.68| 1.07 0.64
100 VEM 1.14 0.01| 1.08 0.01|l 091 0.01]| 0.82 1.19

The studied contrasts represent decreasing CNR situations
with the VA contrast being the stronger a@t the weaker.
From the detection point of view, the contrast maps are very
similar for both JDE versions and are only dimly affected by
the CNR fluctuation. In contrast, HRF estimation results are

0.4
0.3
0.2
0.1

o1 B — _w" coe much more sensitive to this CNR variation, with stronger dis
Time in s. . crepancies between the VEM and MCMC versions, especially
aud.

VEM 3 for the HRF estimates associated with (B8 parietal cluster.

) : The latter shows the weaker contrast magnitude. Still, both
versions provide results in agreement on the TTP and FWHM
s CA - s values. Indeed, the differences mainly concern the heaatidg
\§ : \§ 4 N \¥ 8 tailing parts of the HRF curves.

Fig. 12. Results for th&isual-Auditory contrast obtained by the VEM and
MCMC JDE versions, compared to a GLM analysis. Top part, flefhto
right: NRL contrast maps for MCMC, VEM and GLM with sagittapronal
and axial views from top to bottom lines (neurological caormi@n: left is
left). Middle part: plots of HRF estimates for VEM and MCMC ihe two
parcels circled inndigo (y1) andmagenta{2) on the maps: occipitdeft (a)
andright (b), respectively. The canonical HRF shape is depicted in dashe
line. Bottom part: axial maps of estimated regularizatianameterg3 for the
two conditions, auditory (aud.) and visual (vis.), invalvin the VA contrast.
Parcels that are not activated by any condition are hidden.al contrast
maps, the input parcellation is superimposed in white aasto

MCMC

introduced in the MCMC scheme. Still, the most meaningful
HRF features such as the TTP and the Full Width at Half
Maximum (FWHM) are very similar.

The second region of interest for tS contrast is located
in the inferior parietal lobule and is also consistent witle t
computation task [45]. Note that the contrast value is lower
than the one estimated in the frontal region, whatever the
inference scheme. Interestingly, this activation is logttie
GLM fitting procedure. HRF estimates are shown in Fig. 13(a).
The statement relative to the previous region holds aghay:. t
strongly differ from the canonical version, which explathe
discrepancy between the different detection activaticulte /
each method retrieved. When comparing MCMC and VEM,
even if the global shape and the TTP position are similar
the initial dip in the HRF estimate is still stronger with VEM : ' — 3
and the corresponding FWHM is also smaller than for tHfeg. 13. Results for the€omputation-Sentencescontrast obtained by the
MCMC version. As previously mentioned, this suggests thé '\t"oar?;h't\:",c\l“éf g(?n'frgg{srfgsscg??ﬂaéﬁé?\";‘EGML"\gﬁgegﬁ'i \mggﬁm
MCMC may tend to over-smooth the HRF shape. Results fedronal and axial views from top to bottom lines (neurolagiconvention:
the regu|ariz§tion parameters, as shown in Table4fiy ¢ol.], left is left). Middle part: plots of HRF estimates for VEM andCMC in
indicate that for VEM and the Sentence condition is nob i R STGE THLARS O oL B e e Cnonica
as low as it is for the other parcels and the non-activategr shape is depicted in dashed line. Bottom part: axial nuéstimated
conditions (L, = 119 against L, — 0.01). This s _reguarzaton parametert or the o conditons, computaton (corp) and
eXpIajlned b)_/ the fa?t that b(_)th C_ompUtatlon and_the Senterzégany cor(1ditio'r)1’ are hidden. For all contra{st maps, the imgautellation is
conditions yield activations in this parcel as confirmed I t superimposed in white contours.
low contrast value.

0.4
0.3
0.2
0.1f 7
0.0K”

—0.1

—0.2 =

5 10 15 20 25

5 10 15 20 25

Time in s. Time in s.

sent. COMmp. sent.
MCMC
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V. ALGORITHMIC EFFICIENCY computational time of one iteration increases faster witW
] ) ) than with MCMC wrt the problem dimensions.

In this section, the computational performance of the two ag regards computational performance on the real fMRI
approaches are compared on both artificial and real fMghta set presented in Section IV-B and comprising 600 paircel
datasets. Both algorithms were implemented in Python agh vvEM also appeared faster as it took 1.5 hours to perform
fully optimized by resorting to the efficient array operao 5 \yhole brain analysis whereas the MCMC version took
of the Numpy library Qittp://nunpy.scipy.org) as 12 nours. These analysis timings were obtained by a serial
well as C-exten_smn_s for the computationally '”tens'vet$arprocessing of all parcels for both approaches. When resprti
(e.g-NRL sampling in MCMC or the VE-Q step for VEM). {4 the distributed implementation, the analysis durattuited
Moreover, our implementation handled distributed commti 4own to 7 mins for VEM and 20 mins for MCMC (on a 128-
resources as the JDE analysis consists of parcel-wise indgre cluster). To go further, we illustrate the computasion
pendent pfocesgings WhiCh can thus be performed in paralighe gifference A = tyewc —tvem) between both algorithms
This code is available in the PyHRF packabe{(p: / / ww\. iy terms of parcel size which ranged from 50 to 580 voxels.
pyhrf. org). For both the VEM and MCMC algorithms, theas vEM vs. MCMC efficiency appears to be influenced by
same stopping criterion was used. This criterion consists e Jevel of activity within the parcel, we resorted to thenga
simultaneously evaluating the online relative variatiéeach  criterion as in Section IV-B to distinguish non-activatedrh
estimate. In other words, for Instance jg)r the estimated  ,ctivated parcels and tag the analysis durations accdydimg
one has to check whethey; = %%”;”2 < 107°. By Fig. 16. Fig. 16(a) clearly shows that the differential tigi
evaluating a similar criteriom, for the NRLs estimates, the At between the two algorithms is higher for non-activated
algorithm is finally stopped once; < 10-5 andca < 10-°. parc_els (blue do_t_s) and increases with the parcel size,hwhic
For the MCMC algorithm, this criterion is only computed afteconfirms the utility of the proposed VEM approach espe-
the burn-in period, when the samples are assumed to be dr&i#fly in low CNR/SNR circumstances. To further investigat
from the target distribution. The burn-in period has beeadix the gain in terms of computational time induced by VEM,
manually based on severalposteriori controls of simulated Fig- 16(b) illustrates the gain factoG¢ = tmcmc/tvem) for
chains relative to different runs (here 1000 iterationspréy activated and non-activated parcels. This figure showsthieat
sophisticated convergence monitoring techniques [46jisho VEM algorithm always outperforms the MCMC alternative
be used to stop the MCMC algorithm, but we chose the sarfi@ceG s > 1 in all parcels (see horizontal line in Fig. 16[b]).
criterion as for the VEM to carry out a more direct comparisoffloreover, the gain factoiz; is clearly higher for non-

Considering the artificial dataset presented in Section rgctivated parcels for which the input SNRs and CNRs are
A.l, Fig. 14 illustrates the evolution ofy and c4 with Telatively low, and we found; & (2.7, 80].
respect to the computational time for both algorithms. Only (b)
about 18 seconds are enough to reach convergence for t| >

VEM algorithm, while the MCMC alternative needs about 1 == S5

minute to converge on the same Intel Core 4 - 3.20 GHZZ N

4 Gb RAM architecture. The horizontal line in the blue curvg c "

relative to the MCMC algorithm corresponds to the buri? " 8 2 I it

in period (1000 iterations). It can also be observed that the | & | o o (]

gain in computational efficiency the VEM scheme brings is i = s oo Um0 30w w0 o

independent of the unknown variablesq. HRF) we look at. parcgl size _ parcel size _

Fig. 16. Comparison of durations for MCMC and VEM analysedeirms

HRE NRL of parcel size, each dot coding for a different parca): differential timing

At = tmeme —tvem. (b): gain factorG ¢ = tmemc /tvem of VEM compared
to MCMC, horizontal line indicates a gain fact6¥; = 1. Plus marks )
indicate parcels estimated as activatedmiex{(Z1m)1<m<n } > 8 and
circles (o) indicate parcels estimated as non-activated.

CH

fSocnne| VI. DISCUSSION AND CONCLUSION

o

co o _ y ,ﬂ;fime (S)I LR and In this paper, we have proposed a new intra-subject method
NllgL (right) g:t\iﬁgeegcssicn%w&sc,'\;I]CS?Q?J;ES;'S) rgr'fd S\;:lgl\?l ?grg(ms))_an for parcel-bz_ised 10|_nt detection-estimation of bram \Afti
from fMRI time series. The proposed method relies on a
To illustrate the impact of the problem dimensions oNariational EM algorithm as an alternative solution to mg&e
the computational cost of both methods, Fig. 15 shows tBtochastic sampling used in previous work [23, 25]. Comgare
evolution of the computational time of one iteration wheto the latter formulation, the proposed VEM approach does
varying the number of voxels (left), the number of experirot require priors on the model parameters for inference to
mental conditions (center) and the number of scans (righg. be carried out. However, to achieve gain in robustness and
three curves show that the computational time increasessalmmake the proposed approach completely auto-calibrated, th
linearly (see the blue and red curves) for both algorithrag, badopted model can be extended by injecting additional rior
with different slopes. Blue curves (VEM) have steeper skbopen some of its parameters as detailed in Appendix Edor
than red ones (MCMC) in the three plots showing that thendw; estimation.
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time (s)

100 150 a00

number of conditions number of scans

number of voxels
Fig. 15. Evolution of the computational time per iteratiosing the MCMC and VEM algorithms when varying the problem eision according to: (a):
number of voxels; (b): number of conditions; (c): number cérss.

lllustrations on simulated and real datasets have beenydedp highly accurate in approximating the posterior disttii.
conducted in order to assess the robustness of the propoBedse authors show like us, smaller MSE for the variational
method compared to its MCMC counterpart in different exapproach vs MCMC on simulations and point out a MCMC
perimental contexts. Simulations have shown that the mego sensitivity to initialization conditions. On a computatal
VEM algorithm retrieved more accurate activation labeld arefficiency point of view, most works on variational methods
NRLs especially at low input CNR, while yielding similarlead to EM-like algorithms in which one iteration consists
performance for HRF estimation. VEM superiority in termef updating sufficient statisticse(g. means and variances)
of NRLs and labels estimation has been confirmed by metrat characterize the distribution approximating the earg
equality statistical tests over estimation errors obitheough posterior. In our setting the approximating distributisnmade
100 Monte Carlo runs. Conducted tests showed very low pf Gaussian parts fully specified by their mean and variance.
values, which means that differences in terms of obtainéd contrast, sampling-based methods like MCMC are not
error means were statistically significant. Simulationsehafocused on sufficient statistics computation, but rathaugte
also shown that our approach was more robust to any decresaizations from the full posterior. Approximating a liexd

of stimulus density (or equivalently to any increase of 1Stumber of moments is less complex than approximating a full
value). Similar conclusions have been drawn wrt noise lewvedistribution, which may also be an ingredient that explains
and autocorrelation structure. In addition, our VEM apptoa improved VEM efficiency and performance.

provided more robust estimation of the spatial regulaicrat Regarding real data experiments, VEM and MCMC showed
parameter and more compact activation maps that are likgyilar results with a higher specificity for the former. Com
to better account for functional homogeneity. These go%red to the classical GLM approach, the JDE methodology
properties of the VEM approach are obtained faster thgfbids similar results in the visual areas where the carenic
using the MCMC implementation. Simulations have also be@iRF js well recovered, whereas in the areas involved irGiBe
conducted to study the computational time variation wrt théyntrast, the estimation of more adapted HRFs that strongly
problem dimensions, which may significantly vary from ongjfter from the canonical version enables higher sensitiiri
experimental context to another. the activation maps. These results further emphasize tae in
As a general comment, this performance of VEM compared &t of using VEM for saving a large amount of computational
MCMC may be counterintuitive. The sampled chain in MCMGime. From a practical viewpoint, another advantage of the
is supposed to converge to the true target distributiom #ie  proposed algorithm lies in its simplicity to track convenge
burn-in period. However, since non-informative priorsased eyen if the latter is local: the VEM algorithm only requires
in the MCMC model such as the uniform prior for Potts pgy simple stopping criterion to achieve a local minimizer in
rameters3, imprecisions in the target distribution may occureontrast to the MCMC implementation [25]. It is also more
In this case, VEM may outperform MCMC as observed ifiexible to account for more complex situations such as those
our simulations. Also, in some of the experiments, the modg|,olving higher AR noise order, habituation modeling [49]
assumes a 2-class Potts model for the activation classés W} considering three instead of two activation classes with
we used more realistic synthetic images instead. The imagggiitional deactivation class.

we used €.g.the house shape) are more regular and realistic

. R To confirm the impact of the proposed inference, com-
than would be a typical realization of a Potts model. Them, ou fisons between the MCMC and VEM aporoaches should
results show lower MSE (variance and squared bias) for VER/F PP

when the noise model is mis-specified and we suspect tRaro take place at the group level. The most straightforward

. L : e .way would be to compare the results of random effect anal-
VEM is less sensitive to model mis-specification. In a mis-
I L yses (RFX) based on group-level Student t-test on averaged
specification context, the variational approach may berto . . o
o : ffects, the latter being computed either by a standard indi
by the fact that the factorization assumption acts as araexir .
o . . vidual SPM analysis or by the two VEM and MCMC JDE
regularizing term that smoothes out the solutions in a more S Y -
aé)roaches. In this direction, a preliminary study has been

appropriate manner. There exists a number of other studi .
in which the variational approach is compared to its MCMaerformed in [14] where group results based on JDE MCMC

counterpart and provides surprisingly accurate resulis38 ntra-subject analyses provide higher sensitivity thasuits
47,48, Itis true that results showing the superior perfange based on GLM based intra-subject analyses. Ideally, the JDE

of VEM over MCMC are more seldom. For instance. théramework could be extended to perform group-level analysi

; . L and yield group-level NRL maps as well as group-level HRFs.
results reported in [38] show that their variational appfoa To break down the complexity, this extension could operate
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parcel-wisely by grouping subject-dependent data int@igfo Definion  (4) of F leads to F(papm,pq,®)
level functionally homogeneous parcels. This procedur@lévo Ers [Es,5, [logp(Y, A, hy, Q; ©)]] + G(pm,) + G(Dabq), St
result in a hierarchical mixed effect model and encode MeAN., 1 ax (54 pi, P, ©) =
group-level values of NRLs and HRFs so that subject-specific r.,
NRL and HRF quantities would be modeled as ﬂUCtU&tiOﬂSrgmaxEPHW [logexp(Ep , 5, [logp(Y, A, by, Q;©)])] + G(pr,)-
around theses means. PHy

Such group-level validations would also shed the light dn the last equality above, we artificially introduced theenential by taking

the impact of the used variational approximation in VEMt.he logarithm. We then denote kg, the distribution onk., proportional
to exp(Ez, 5, [logp(Y, A, hy,Q; ©)]). The normalizing constant of the

In fact, no pre_llmlnary spatlal smoothlng is used in th%tter quantity is by definition independent bf, so that the above argmax is
JDE approach in contrast to standard fMRI analyses where

this smoothing helps retrieving clearer activation clstén arfgaXEpr [log P, | +G(pr,) = argmin KL(ps, || - ).

this context, the used mean field approximation especiall L . _

in the VEQ step should help geting less noisy acivadf™ 1 [, e ulbscor e g,

clusters compared to the MCMC approach. Eventually, akm: which provides Eq. (8) as desired. K

to [23], the model used in our approach accounts for funation

homogen_eity at the parcel scale. These parcels are assuge¥/g-H step:

to.be_ an mput qf the proposed JDE procedure_ and caa be -0 the VE-H step, the expressions fom{ and =) are

priori provided independently by any parcellation technique 1) (1) g 1) g

[26,50]. In the present work, parcels have been extract®d, = (1/% R4 Y ep, (Zm,m’ Ve XL X

from functional features we obtained via a classical GL%tF(T71)§->)7landm<r) ERS Sﬂtr’(ril)(  petr)

processing assuming a canonical HRF for the entire brair. 7 J Hy ™ THy £2J€Py 7573 Yi J

This assumption does not bias our HRF local model estimationyt, 5, — < D X, mU Y and oY

since a large number of parcels is consideré@ (parcels) m=1 "5 ; A _

with an average parcel size 850 voxels. tively them and(m, m’) entries of the mean vecton(Aj ) and covariance
However, on real dataset, results may depend on the reffirix (EX;D) of the C“”e”tﬁgjfl)-

bility of the used parcellation technique. A sensitivityadysis

has been performed in [51] on real data and for MCMC JDE- VE-A step:

version, that assesses the reliability of this parceliesigainst ~ The VE-A step also leads to a Gaussian pdf fas; :

a computationally heavier approach which tends, by rangonil;’ ~ [T N(m{),2{). The parameters are updated as

sampling the seed positions of the parcels, to identify the IEP NJ ,IJ I

parcellation that retrieved the most significant activatioaps. 2‘;} = (Zle Ajj + Hj) and mi(j = EXJ) (Z AypY 4

Still, it would be of interest to investigate the effect ofeth . ., (r—1) et o

parcellation choice in the VEM context, and more general§ ©5 ¥ — P )>’ where a number of intermediate. quantities

, denoting respec-

to extend the present framework to incorporate an automatied to be specified. First!" ™" = [uﬁ}'_l),~--7u§ﬂfl)]t and
online parcellation strategy to better fit the fMRI data whilG = E_,, [G] where G is the matrixG = [g1] ... | gas] made of
accounting for the HRF variability across regions, sulgect PHy

columns g, = Xmhy. The m-th column of G is then also denoted

populations and experimental contexts. The current variat - (r=1) o, (r—1)
Xmmy € RN. Then, A;; = diag,, {me )/ Vi, }
7

framework has the advantage to be easily augmented withgm =
parcel identification at the subject-level as an additidagér and H; = E_(r) [GTY"”G] is an M x M matrix
m_the hierarchical merI. Automatlc_ally identifying pats whose element (m,m’) is given by E_., [¢tT¢ Vg] =
raises a model selection problem in the sense of getting P, J
sparse parcellation (reduced number of parcels) which-guar, [ngFY—l)Eﬁ(r) [9m/] +trace(1“§7'_1)covﬁ<r) (gm:gm’))
antees spatial variability in hemodynamic territories Iehi y i
enabling the reproducibility of parcel identification asso
fMRI datasets. More generally, a model selection appr0a51 VE-Q step:
can be easily carried out within the VEM implementation b: _ . .

. . . . . . From p(A|Q) and p(Q) in Section I, it follows that the
as variational approximations of standard informatiotecia (gm gm)" couples correspond to independent hidden Potts models
based on penalised log-evidence can be efficiently used [S5®kh Gaussian class distributions. It follows an approxiom

Hy ¥
= G5 TY Vg + trace (T "V X, B XE ).

i tionsa(") I
that factorizes over conditionsp,’(Q) = I] Pgm(q™) where
m=1
APPENDIX ﬁgfn(qm) = fl@la™ = mGph Y Wl 80T s the

L . posterior of g in a modified hidden Potts modef, in which the

A. Derivation of the VEM formula: observations a;”’s are replaced by their mean valuem% and

We show here how to obtain the Variational E-steps using tiopegties ]

of the Kullback-Leibler divergence without resorting tdatdus of variation
ats us(;ally(Sc)i?n_?H V\f/e”illu;trazleEthtta approa(t;)h I‘or _thed d%ﬁ:gf the_ VEt;1H i € pﬂ/} is added to the prior Potts modeb(q™; 5;71))_ It

step (Eq. . The following VE-steps can be derived si ropping the ) L (r=1) H(r—1)
(r) and (r — 1) superscripts, the VE-H step is defined as follows  that the ( c:eflned Potts  reads (ayé(l‘l)m’”m B ) o
pu., = argmax F(pa pu., pQ,®) - €xp (z:je‘lixY (O‘j (a7") + %Bm >y 1@ = i)
PHy Since the expression hereabove s intractable, and using th

J
an external field {a;”(r) = 71}1(;‘;)”‘;”[1/1)(()1‘”—1)71/@5:”—1)}&
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mean-field approximation [41], i)g,)n (g™) is approximated by a

factorized  density i)g,)n(qm) = Hjepvi)(Qm(q]) such that
J

g = i g o NmGaul Vol ar =

i1am5 85, 0l Y), where gm
q™ updated at each

is a particular configuration of

Far1an s o) x exp(a)(gr)  +
<T VS 1@ =am)-
E. M step:
1) M-(u,v) step:
By maximizing with respect tqu, v), Eq. (12) reads:
(0, v(")) = argmax E S [logp(A|Qip,v)]  (13)

(1)

By denoting 1752

= > i;gy)n(z'), and after deriving wrt
jEP, I
wim and v, for every ¢ € {0,1} and m € {1...M},
we get p(” = Yjer, p(Qm(Z) m(Ary)n/pE:,l and v(r) =
3 A (G~ ) )/
2) M-vp, step:

By maximizing with respect tov,, Eq. (12) reads aSvgf)
arg max,, E~(T) [log p(h+;vp)]. Then it follows the closed-form

vy E~<r) [htR~'h,]/(D — 1)

(trace(z(}}ni RY) +

(r)i (T) — (r) (") (Mt p—
R 'm w)/(D 1) = trace((Z} +my; Hy M w) H/(D-1).

iteration according to a specific scheme and

15

After calculating the derivative wrt £;, we get ey) =

(PtI‘(r)P)*lP“I‘(T)(y - Gm“">) In the AR(1) case, with
;= oy AJ, we can then derive the following relationship:

67 = (PASOP)TIPAY (4 - §im)) = Fuel”), (s)

whereF is a function linking the estlmatdér) andp("") The above formula
is similar to that in [23, p.965], when replacnig7 by m“) (r)

H,
Denoting y(.r) Pe‘.”") and considering the maximization

2 ~(r)
(7") — %(E,«(ﬂ [G,;AJ aj} _
J

m(r)tg;A(_r) )+ gy (_r)) Fa(ol"),60),

anda by m

Y —

wrt af, similar calculations lead tar;

where F» is a function linking the estlmatesQ(r) with e“) and p( )
Matrix A( D oE s ) [G'A (T)G} is a M x M matrix S|m|lar to the matrix

Hj introduced in the VE-A step. Iten, m’) entry is given b)gmA( "g
trace (A;r)XmEgi an/ )
Eventually, the maximization wrt p; leads to p;r)

argmax{(trace(Uli\;) + trace(UgAj))/o?(T) + log|Aj]}, with
2

|Aj] = 1 — p? and Where?&? has the same expression KS;T) without
the (r) superscript. MatricesU; and U> are respectivelyM x M

t
and N x N matrices defined adJ; = E(Ar; + m(Ar;m(Ar;
U2 _ y(r)( (7‘) _ Qém(r))t

m!

and
The derivative, denoted bw; of A;

For a more accurate estimation of,, one may take advantage of thewrt p; writes A; = 2p; B +]C where the entries oB and C are zero

flexibility of the VEM inference and inject some prior knowlge about this
parameter in the model. Being positive, a suitable priorlzamn exponential
distribution with meam,,!

(14)

Accounting for this prior, the new expression of the curreaﬁmatev,(f) is

() (D=1)+,/8\y,, C+(D—1)2
Yh

Tao,
(r)
5

P(Vh; Avp, ) = Aoy, €Xp(—Avy, Uh ).

with ¢ = trace((E(HT’)Y +
my’m 1)

3) M-3 step:
By maximizing with respect t@, Eq. (12) reads:

ﬁ(’") =argmax E_(, [logp(Q;B)]-
B PQ

t
R

(15)

except (B)n,n Which is 1 forn = 2 : (N

and (C)n+1,n which are -1 forn = 1 : (N — 1). The derivative,
denoted byA’ of A; wrt p; can be witten asA’ = 2p,B + C
where B and C are M x M matrices whose entries{m, m') are
respectively (ﬁ)m’m/ = trace((XmEgLX:n, + Gmgh)B) and
)y = trace((XmEgLX:n, + Go@)C). Eventually, the

derivative wrt p; leads to p;r)

— 1) and for (C)n,n+1

l—pE.T)
5200
J

(QpJ(.T) (trace(Ulé) +

trace(U2B)) + trace(U1C) + trace(UQC)) = Fg(py)7 J?(T)).

Thenp( ") can be estimated as a solution of the fixed point equai§6?1:

Fy(p}") Fz(p(” Fi(p{"))).
Note that |n the Gaussmn noise case the updating of thes nzisam-

Updating B8 consists of making further use of a mean field-like apeters reduces to the estimation ot which simplifies into 2" =

proximation [41], which leads to a function that can be ojéd using a
gradient algorithm. To avoid over-estimation of this keygwaeter for the
spatial regularization, one can introduce for edgh, some prior knowledge
p(Bm; Ag,, ) that penalises high values. As in Eq. (14), an exponentiaf pr

with mean>\,§1 can be used. The expression to optimize is then given by:

Bl = argB max Eﬁm [log p(q@™; Bm)P(Bm; Mg, )]

= argﬁmax( log Z(Bm) + Bm (D E~<r> [I(qj" = ai")] = As.))-
j~k

After calculating the derivative wri3,,, we retrieve the standard equa-
tion detailed in [41] in which >~ Eﬁm [I(q]m =qm)] is replaced by
j~k QmMm

Zk B [1(g" = ;)] — g, It can be easily seen that, as expected,
i~ Qm

subtracting the constanig,, helps penalizing higlt,, values.

4) M-(L,T) step:
This maximization problem factorizes over voxels so thatdachj € P,
we need to compute:

(eg.”,rg,”")) =argmax E_(, ~(T) [logp(yJ |aj, hy;£;,T; )} ,  (16)
(¢;,r;) PHy
wherea; = {a}*,m = 1...M}. Finding the maximizer wrg; leads to

(G is defined in the VE-A step):

Z;r) = argmax(Z(Gm )tI‘(T)PZ +£°P°I‘(T)PZ )

]

@an

L

85 a8 [0°Cas] — 2"l + o))
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