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Goal

Let (Xi ,Yi ), i = 1, ..., n be independent copies of the random pair
(X ,Y ) ∈ R

d × R.

Y is a variable of interest associated with a covariate information X .

Estimate for all x ∈ R
d fixed and for all αn → 0, the extreme level curves

defined as the graphs of the functions x ∈ R
d → q(αn|x) ∈ R (the

conditional extreme quantile of order (1 − αn)) verifying

P (Y > q(αn|x)|x) = αn,

when the conditional cumulative distribution function of Y given X = x is
heavy-tailed with tail index γ(x), i.e for all y > 0,

F̄ (y |x) = y
−1/γ(x)ℓ(y |x),
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Goal

F̄ (y |x) = y
−1/γ(x)ℓ(y |x),

γ(.): “the conditional tail index” is an unknown and positive function of
the covariate x .

ℓ(.|x) is a slowly-varying function at infinity, i.e for all λ > 0,

lim
y→∞

ℓ(λy |x)

ℓ(y |x)
= 1.

ℓ(.|x) is normalized and differentiable.

Estimator: the inverse of an estimator of the conditional survival function

q̂n(αn|x) = ˆ̄F←n (αn|x) = inf
n

t, ˆ̄Fn(t|x) ≤ αn

o

.

Requires to estimate the small tail probability

F̄ (yn|x) when yn → ∞ as n → ∞.
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Kernel estimator of F̄ , (Collomb (1976))

ˆ̄F n(y |x) =

1

nhd
n

n
X

i=1

K

„

x − Xi

hn

«

1I{Yi ≥ y}

1

nhd
n

n
X

i=1

K

„

x − Xi

hn

«

=
ψ̂n(y , x)

ĝn(x)
,

The kernel function K(.) is positive, bounded and integrable on a compact
support S ⊆ R

d .

The sequence of window-width hn → 0 as n → ∞.

The function ĝn(.) is the classical kernel estimator of the point distribution
function g(.) of X .

The function ψ̂n(y , x) is an estimator of ψ(y , x) = F̄ (y |x)g(x).
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Kernel estimator, (Collomb (1976))

ˆ̄F n(y |x) =

1

nhd
n

n
X

i=1

K

„

x − Xi

hn

«

1I{Yi ≥ y}

1

nhd
n

n
X

i=1

K

„

x − Xi

hn

«

=
ψ̂n(y , x)

ĝn(x)
,

Remark

ˆ̄F n(yn|x)

F̄ (yn|x)
− 1 =

2

4

ψ̂n(yn, x) − E

h

ψ̂n(yn, x)
i

ĝn(x)ψ(yn, x)

3

5+

2

4

E

h

ψ̂n(yn, x)
i

− ψ(yn, x)

ĝn(x)ψ(yn, x)

3

5

−

»

ĝn(x) − E [ĝn(x)]

ĝn(x)

–

−

»

E [ĝn(x)] − g(x)

ĝn(x)

–

.

The asymptotic distribution of ˆ̄Fn(yn|x) may depend both on the behavior

of the random terms

»

ψ̂n(yn,x)−E[ψ̂n(yn,x)]
ĝn(x)ψ(yn,x)

–

and
h

ĝn(x)−E[ĝn(x)]
ĝn(x)

i

.
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Weak consistency of the kernel estimator of the point distribution function g(.)

If nhd
n → ∞ as n → ∞, then, for all x ∈ R

d ,

1 Bias convergence
E [ĝn(x)] − g(x) = O(hn).

2 Asymptotic distribution

“

nh
d
n

”1/2

(ĝn(x) − E [ĝn(x)])
D
−→N

“

0, g(x)‖K‖2
2

”

.

(see Collomb (1976), Prop. 2.1 and 2.2).
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Properties of ψ̂n(yn, x) (Daouia, Gardes, Girard & Lekina (2009))

If
yn → ∞ such that hn log yn → 0 and nh

d
n F̄ (yn|x) → ∞ as n → ∞,

then,

for all x ∈ R
d and for all j = 1, .., J such that yn,j = ajyn(1 + o(1)),

1 Bias convergence
n

E

h

ψ̂n(yn,j , x)
io

{j=1,..,J}
= {ψ(yn,j , x)(1 + O(hn log yn))}{j=1,..,J} .

2 Asymptotic distribution

8

<

:

q

nhd
nψ(yn|x)

0

@

ψ̂n(yn,j , x) − E

h

ψ̂n(yn,j , x)
i

ψ(yn,j , x)

1

A

9

=

;

j

D
−→N

“

0RJ , ‖K‖2
2C(x)

”

where Cj,j′(x) = a
1/γ(x)
j∧j′

∀ (j , j ′) ∈ {1, . . . , J}2 with aj > 0.
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Reminder ....

ˆ̄F n(yn|x)

F̄ (yn|x)
− 1 =

2

4

ψ̂n(yn, x) − E

h

ψ̂n(yn, x)
i

ĝn(x)ψ(yn, x)

3

5+

2

4

E

h

ψ̂n(yn, x)
i

− ψ(yn, x)

ĝn(x)ψ(yn, x)

3

5

−

»

ĝn(x) − E [ĝn(x)]

ĝn(x)

–

−

»

E [ĝn(x)] − g(x)

ĝn(x)

–

.

Asymptotic distribution of ˆ̄Fn(yn|x) (Daouia, Gardes, Girard & Lekina (2009))

If
yn → ∞ such that hn log yn → 0 and nh

d
n F̄ (yn|x) → ∞ as n → ∞,

then,

for all x ∈ R
d and for all j = 1, .., J such that yn,j = ajyn(1 + o(1)),

(

q

nhd
n F̄ (yn|x)

 

ˆ̄Fn(yn,j |x)

F̄ (yn,j |x)
− 1

!)

{j=1,...,J}

D
−→N

„

0RJ ,
‖K‖2

2

g(x)
C(x)

«

.
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Asymptotic distribution of q̂n(αn|x) (Daouia, Gardes, Girard & Lekina (2009))

If,
αn → 0 and nh

d
nαn → ∞ as n → ∞,

then,

for all x ∈ R
d and for j = 1, .., J such that αn,j = τjαn(1 + o(1)),



p

nhd
nαn

„

q̂n(αn,j |x)

q(αn,j |x)
− 1

«ff

{j=1,...,J}

D
−→N

„

0
RJ , γ

2(x)
‖K‖2

2

g(x)
Σ

«

,

where Σj,j′(x) = 1/τj∧j′ for (j , j ′) ∈ {1, . . . , J}2 with τj > 0.

Remarks: the asymptotic variance

is inversely proportional to nhd
nαn, the estimation remains more stable

when the extreme quantile is far from the boundary of the sample;

is proportional to γ2(x) ⇒ a difficult estimation of q(αn|x) for a large
value of the tail index.
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An application: kernel Pickands estimator

γ̂n(x) =
1

log 2
log

„

q̂n(kn/n|x) − q̂n(2kn/n|x)

q̂n(2kn/n|x) − q̂n(4kn/n|x)

«

,

Intermediate sequence kn → ∞ and kn/n → 0 as n → ∞.

Asymptotic distribution of γ̂n(αn|x) (Daouia, Gardes, Girard & Lekina (2009))

If

The bias function |ε(y |x)| :=

˛

˛

˛

˛

y
ℓ′(y |x)

ℓ(y |x)

˛

˛

˛

˛

is ultimately non-increasing,

knh
d
n → ∞ and

p

knhd
nε (q(2kn/n|x)|x) → 0 as n → ∞,

then,

p

knhd
n (γ̂n(x) − γ(x))

D
−→N

„

0,
‖K‖2

2

g(x)

γ2(x)(22γ(x)+1 + 1)2

4(log 2)2(2γ(x) − 1)2

«

.

The asymptotic variance is, up to the scale factor ‖K‖2
2/g(x), the variance

of the classical Pickands estimator.
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Numerical experiments on simulated data

We have generated m = 100 replications of the sample
{(Xi ,Yi ), i = 1, ..., n} of size n = 500 with the conditional quantile defined
by

q(αn|x) = (− logαn)
−γ(x) (Fréchet distribution).

We focus on the estimation of the quantile of order αn = 5 log (n)/n.

The following kernel is chosen

K(x) =
15

16

“

1 − x
2
”2

1I{|x | ≤ 1} (Biquadratic-kernel).
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Numerical experiments on simulated data

For choosing the bandwidth hn, we compared two strategies:

1 Yao criterion (1999),

hcv = arg min
h∈H

n
X

i=1

n
X

j=1

n

1I{Yi ≥ Yj} −
ˆ̄Fn,−i (Yj |Xi )

o2

,

where ˆ̄Fn,−i is the estimator of F̄ computed from the sample
{(Xk ,Yk), k = 1, ..., n} without the ith observation (Xi ,Yi ).

2 Oracle strategy

horacle = arg min
h∈H

∆ (q(αn|.), q̂n(αn|.)),

with

∆ (q(αn|.), q̂n(αn|.)) =

(

1

L

L
X

l=1

(q(αn|tl) − q̂n(αn|tl))
2

)1/2

and t1, ..., tl are regularly distributed on [0, 1].
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Numerical experiments on simulated data

Tail index function

x ∈ [0, 1] 7→ γ(x) =
1

2

„

1

10
+ sin (πx)

«„

11

10
−

1

2
exp

“

−64 (x − 1/2)2
”

«

.

Shape of function γ(x)
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Comparison of the true quantile with the ones obtained by the Yao strategy
and Oracle strategy: median estimator.

— q(αn|x) — q̂n,oracle(αn|x) — q̂n,cv(αn|x)
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Comparison between the error distributions obtained with the Yao strategy
(light gray) and the oracle strategy (transparent).
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