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ôn

e-A
lp

es,
T
eam

M
istis,

655
aven

u
e

d
e

l’E
u
rop

e,
M

on
tb

on
n
ot,

38334
S
ain

t-Ism
ier

C
ed

ex
,
F
ran

ce.
E

-m
ail:

{
L
a
u
r
e
n
t
.
G
a
r
d
e
s
,
S
t
e
p
h
a
n
e
.
G
i
r
a
r
d
}
@
i
n
r
i
a
l
p
e
s
.
f
r

T
eam

M
istis:

h
t
t
p
:
/
/
m
i
s
t
i
s
.
i
n
r
i
a
l
p
e
s
.
f
r
/

1



1.
Introd

u
ction

T
h
e

p
r
o
b
le

m
.

•
E

stim
ation

of
th

e
tail

in
d
ex

γ
associated

to
a

ran
d
om

variab
le

Y
.

•
S
om

e
covariate

in
form

ation
x

is
record

ed
sim

u
ltan

eou
sly

w
ith

Y
.

•
T

h
e

tail
h
eavin

ess
of

Y
given

x
d
ep

en
d
s

on
x
,
an

d
thu

s
th

e
tail

in
d
ex

is
a

fu
n
ction

γ
(x

)

of
th

e
covariate.

O
u
r

a
p
p
r
o
a
c
h
:

T
o

com
b
in

e
n
on

p
aram

etric
sm

ooth
in

g
tech

n
iqu

es
w

ith
extrem

e-valu
e

m
eth

od
s

in
ord

er
to

ob
tain

effi
cient

estim
ators

of
γ
(x

).

•
F
ew

assu
m

p
tion

s
are

m
ad

e
on

th
e

regu
larity

of
γ
(x

)
an

d
on

th
e

n
atu

re
of

th
e

covariate

(a
central

lim
it

th
eorem

is
estab

lish
ed

for
th

e
p
rop

osed
estim

ator,
w

ith
ou

t
assu

m
in

g

th
at

x
is

fi
n
ite

d
im

en
sion

al).

•
T

h
e

estim
ator

is
easy

to
com

p
u
te

sin
ce

it
is

closed
-form

an
d

thu
s

d
oes

n
ot

requ
ire

op
tim

ization
p
roced

u
res.

M
o
st

r
e
c
e
n
t

r
e
la

te
d

w
o
r
k
.

S
ee

for
in

stan
ce

B
eirlant

et
a
l.

(2004)
an

d
C

h
avez

et
a
l.

(2005).
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2.
E

stim
ators

of
th

e
con

d
ition

al
tail

in
d
ex

F
r
a
m

e
w

o
r
k
.

E
a

m
etric

sp
ace

associated
to

a
m

etric
d
.

•
M

o
d
e
l:

C
on

d
ition

al
tail

qu
antile

fu
n
ction

of
Y

given
t
∈

E
is,

for
all

y
>

0,

U
(y

,t)
=

in
f{

s;F
(s,t)

≥
1
−

1/y
}

=
y

γ
(t)ℓ(y

,t),
(1)

w
h
ere

◦
γ
(t)

is
an

u
n
kn

ow
n

p
ositive

fu
n
ction

of
th

e
covariate

t
an

d
,

◦
for

t
fi
xed

,
ℓ(.,t)

is
a

slow
ly-varyin

g
fu

n
ction

,
i.e.

for
λ

>
0,

lim
y
→

∞

ℓ(λ
y
,t)

ℓ(y
,t)

=
1.

•
D

a
ta

:
A

sam
p
le

(Y
1 ,x

1 ),...,(Y
n ,x

n )
iid

from
(1),

w
h
ere

th
e

d
esign

p
oints

x
1 ,...,x

n

are
n
on

ran
d
om

p
oints

in
E

.

G
o
a
l.

F
or

a
given

t
∈

E
,
estim

ate
th

e
con

d
ition

al
tail

in
d
ex

γ
(t).
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N
o
n
p
a
r
a
m

e
tr

ic
e
stim

a
to

r
s

•
W

in
d
o
w

w
id

th
:
h

n
,t

a
p
ositive

sequ
en

ce
ten

d
in

g
to

zero
as

n
→

∞
,

•
W

in
d
o
w

:
B

all
B

(t,h
n
,t )

=
{
x
∈

E
,

d
(x

,t)
≤

h
n
,t }

,

•
S
e
le

c
te

d
o
b
se

r
v
a
tio

n
s:

{
Z

i (t),
i

=
1,...,m

n
,t }

th
e

resp
on

se
variab

les
Y

′i s

associated
to

th
e

m
n
,t

covariates
x
′i s

in
th

e
b
all

B
(t,h

n
,t ).

•
C

o
r
r
e
sp

o
n
d
in

g
o
r
d
e
r

sta
tistic

s:
Z

1,m
n
,t (t)

≤
...

≤
Z

m
n
,t ,m

n
,t (t),

•
In

te
r
m

e
d
ia

te
se

q
u
e
n
c
e
:
k

n
,t
→

∞
an

d
k

n
,t /m

n
,t
→

0,

•
W

e
ig

h
ts:

W
(.,t)

a
fu

n
ction

d
efi

n
ed

on
(0,1)

su
ch

th
at

∫

10
W

(s,t)d
s

=
1,

•
M

o
v
in

g
-w

in
d
o
w

e
stim

a
to

r
s:

A
w

eighted
su

m
of

th
e

rescaled
log-sp

acin
gs

b
etw

een

th
e

largest
selected

ob
servation

s:

γ̂
n (t,W

)
=

k
n
,t

∑i=
1

i
log

(

Z
m

n
,t −

i+
1,m

n
,t (t)

Z
m

n
,t −

i,m
n
,t (t)

)

W
(i/k

n
,t ,t)

/

k
n
,t

∑i=
1

W
(i/k

n
,t ,t)

.
(2)4



3.
M

ain
resu

lts

A
ssu

m
p
tio

n
s

o
n

th
e

c
o
n
d
itio

n
a
l
d
istr

ib
u
tio

n

•
L
ip

sc
h
itz

a
ssu

m
p
tio

n
s:

T
h
ere

exists
p
ositive

con
stants

z
ℓ ,

c
ℓ ,

c
γ

an
d

α
≤

1
su

ch

th
at

for
all

x
∈

B
(t,1),

|γ
(x

)
−

γ
(t)|

≤
c
γ d

α(x
,t),

an
d

su
p

z>
z
ℓ

∣∣∣∣ log

(

ℓ(z,x
)

ℓ(z,t)

)
∣∣∣∣

≤
c
ℓ d

(x
,t),

•
S
e
c
o
n
d

o
r
d
e
r

c
o
n
d
itio

n
:

T
h
ere

exists
a

n
egative

fu
n
ction

ρ
(t)

an
d

a
rate

fu
n
ction

b(.,t)
satisfyin

g
b(y

,t)
→

0
as

y
→

∞
,
su

ch
th

at
for

all
λ
≥

1,

log

(

ℓ(λ
y
,t)

ℓ(y
,t)

)

=
b(y

,t)
1

ρ
(t) (λ

ρ
(t)

−
1)(1

+
o(1)),

w
h
ere

”o”
is

u
n
iform

in
λ
≥

1
as

y
→

∞
.
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A
ssu

m
p
tio

n
s

o
n

th
e

w
e
ig

h
ts

•
B

e
ir

la
n
t

et
a
l
a
ssu

m
p
tio

n
:

(S
ee

B
eirlant

et
a
l.

(2002)).

•
In

te
g
r
a
b
ility

c
o
n
d
itio

n
:

T
h
ere

exists
a

con
stant

δ
>

0
su

ch
th

at
∫

1

0

|W
(s,t)| 2+

δd
s

<
∞

.

A
sy

m
p
to

tic
n
o
r
m

a
lity

T
h
e
o
r
e
m

1
If,

m
o
reo

ver,
k

1/2
n
,t b

n
,t
→

λ
(t)

∈
R

a
n
d

k
1/2
n
,t h

αn
,t
→

0
th

en

k
1/2
n
,t

(

γ̂
n (t,a

,λ
)
−

γ
(t)

−
∆

(

m
n
,t

k
n
,t

,t

)

A
B

(a
,λ

,ρ
(t))

)

(3)

w
h
ere

w
e

h
a
ve

d
efi

n
ed

b
n
,t

=
b

(

m
n
,t

k
n
,t

,t

)

,

A
B

(a
,λ

,ρ
(t))

=
(1

−
λ
ρ
(t))

−
a

a
n
d
A
V

(a
,λ

)
=

Γ
(2a

−
1)

λ
Γ

2(a
)

(2
−

λ
)
1−

2a.
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R
e
m

a
r
k

1
.

•
T

h
e

asym
p
totic

b
ias

involves
tw

o
p
arts:

◦
b
n
,t

w
h
ich

d
ep

en
d
s

on
th

e
origin

al
d
istrib

u
tion

itself,

◦
A
B

(t,W
)

w
h
ich

can
b
e

m
ad

e
sm

all
by

an
ap

p
rop

riate
ch

oice
of

th
e

w
eightin

g

fu
n
ction

W
.

•
S
im

ilarly,
th

e
asym

p
totic

varian
ce

involves
tw

o
p
arts:

◦
1/k

n
,t

w
h
ich

is
inversely

p
rop

ortion
al

to
th

e
nu

m
b
er

of
ob

servation
s

u
sed

to
b
u
ild

th
e

estim
ator,

◦
γ

2(t)A
V

(t,W
)

w
h
ich

can
also

b
e

ad
ju

sted
.

R
e
m

a
r
k

2
.

•
W

h
en

λ
(t)

6=
0,

con
d
ition

k
1/2
n
,t b

n
,t
→

λ
(t)

forces
th

e
b
ias

to
b
e

of
th

e
sam

e
ord

er
as

th
e

stan
d
ard

-d
eviation

.

•
C

on
d
ition

k
1/2
n
,t h

αn
,t
→

0
is

d
u
e

to
th

e
fu

n
ction

al
n
atu

re
of

th
e

tail
in

d
ex

to
estim

ate.
It

im
p
oses

to
th

e
fl
u
ctu

ation
s

of
t
→

γ
(t)

to
b
e

n
egligib

le
com

p
ared

to
th

e
stan

d
ard

d
eviation

of
th

e
estim

ator.
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C
o
r
o
lla

r
y

1
S
u
p
po

se
th

a
t
E

=
R

p
a
n
d

th
a
t
th

e
slo

w
ly-va

ryin
g

fu
n
ctio

n
ℓ

in
(1

)
is

su
ch

th
a
t

ℓ(y
,t)

=
1

fo
r

a
ll

(y
,t)

∈
R

+
×

R
p.

If

lim
in

f
n
→

∞

m
n
,t

n
h

pn
,t

>
0,

(4)

th
en

th
e

co
n
vergen

ce
in

d
istribu

tio
n

(3
)

h
o
ld

s
w
ith

ra
te

n
α

p
+

2
αη

n ,
w
h
ere

η
n
→

0

a
rbitra

rily
slo

w
ly.

•
C

on
d
ition

(4)
is

an
assu

m
p
tion

on
th

e
m

u
ltid

im
en

sion
al

d
esign

an
d

on
th

e
d
istan

ce
d
.

•
U

n
d
er

th
e

con
d
ition

on
th

e
slow

ly-varyin
g

fu
n
ction

ℓ(y
,t)

=
1

for
all

(y
,t)

∈
R

+
×

R
p,

estim
atin

g
γ
(t)

is
a

n
on

p
aram

etric
regression

p
rob

lem
sin

ce
γ
(t)

=
E

(log
Y
|X

=
t).

L
et

u
s

h
igh

light
th

at
th

e
convergen

ce
rate

is,
u
p

to
th

e
η

n
factor,

th
e

op
tim

al
convergen

ce

rate
for

estim
atin

g
α

-L
ip

sch
itzian

regression
fu

n
ction

in
R

p,
see

S
ton

e
(1982).
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4.
T

w
o

classical
exam

p
les

of
w

eights

C
o
n
d
itio

n
a
l
H

ill
e
stim

a
to

r
:

C
on

stant
w

eight
fu

n
ction

s
W

H(s,t)
=

1
for

all
s
∈

[0,1]

yield

γ̂
n (t,W

H)
=

1k

k
∑i=

1

i
log

(

Z
m
−

i+
1,m

(t)

Z
m
−

i,m
(t)

)

,

w
h
ich

is
form

ally
th

e
sam

e
exp

ression
as

in
H

ill
(1975).

A
B

=
1/(1

−
ρ
(t))

an
d
A
V

=
1.

C
o
n
d
itio

n
a
l
Z
ip

f
e
stim

a
to

r
:

C
on

sid
erin

g
in

(2)
th

e
w

eight
fu

n
ction

W
Z(s,t)

=
−

log(s)
for

all
s
∈

[0,1]
yield

s
an

estim
ator

γ̂
n (t,W

Z)
sim

ilar
to

th
e

Z
ip

f

estim
ator

p
rop

osed
by

K
ratz

et
a
l.

(1996)
an

d
S
chu

ltze
et

a
l.

(1996).
C

onvergen
ce

in

d
istrib

u
tion

(3)
h
old

s
w

ith
A
B

(t,W
Z)

=
1/(1

−
ρ
(t))

2
an

d
A
V

(t,W
Z)

=
2.
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5.
T

h
eoretical

ch
oices

of
w

eights

A
sy

m
p
to

tic
a
lly

u
n
b
ia

se
d

e
stim

a
to

r
s.

•
S
tartin

g
w

ith
tw

o
w

eight
fu

n
ction

s
W

1
an

d
W

2 ,
it

is
p
ossib

le
to

b
u
ild

a
th

ird
on

e

W
12

=
A
B

(t,W
2 )W

1
−
A
B

(t,W
1 )W

2

A
B

(t,W
2 )
−
A
B

(t,W
1 )

su
ch

th
at

A
B

(t,W
12 )

=
0.

•
A

p
p
lyin

g
th

is
p
rin

cip
le

to
th

e
con

d
ition

al
H

ill
an

d
Z
ip

f
estim

ators
yield

s

W
H

Z(s,t)
=

1

ρ
(t)

−

(

1
−

1

ρ
(t)

)

log(s).

C
onvergen

ce
in

d
istrib

u
tion

(3)
h
old

s
w

ith
A
B

(t,W
H

Z)
=

0
an

d

A
V

(t,W
H

Z)
=

1
+

(1
−

1/ρ
(t))

2.

1
0



M
in

im
u
m

v
a
r
ia

n
c
e

e
stim

a
to

r
.

T
h
e

con
d
ition

al
H

ill
estim

ator
is

th
e

u
n
iqu

e

m
in

im
u
m

varian
ce

estim
ator

in
(2).

A
sy

m
p
to

tic
a
lly

u
n
b
ia

se
d

e
stim

a
to

r
w

ith
m

in
im

u
m

v
a
r
ia

n
c
e
.

T
h
e

w
eight

fu
n
ction

associated
to

th
e

u
n
iqu

e
asym

p
totically

u
nb

iased
estim

ator
w

ith
m

in
im

u
m

varian
ce

is

W
o
p
t(s,t)

=
ρ
(t)

−
1

ρ
2(t)

(

ρ
(t)

−
1

+
(1

−
2ρ

(t))s
−

ρ
(t)

)

.

C
onvergen

ce
in

d
istrib

u
tion

(3)
h
old

s
w

ith
A
B

(t,W
o
p
t)

=
0

an
d

A
V

(t,W
o
p
t)

=
(1

−
1/ρ

(t))
2.

R
e
m

a
r
k

3
.

•
W

eights
W

H
Z
an

d
W

o
p
trequ

ire
th

e
kn

ow
led

ge
of

th
e

secon
d

ord
er

p
aram

eter
ρ
(t).

•
T

h
e

estim
ation

of
th

e
fu

n
ction

t
→

ρ
(t)

is
n
ot

ad
d
ressed

h
ere.

S
ee

for
in

stan
ce

A
lves

et

a
l.

(2003)
for

estim
ators

w
h
en

th
ere

is
n
o

covariate
in

form
ation

.
S
ee

also
G

ard
es

et
a
l.

(2007)
for

an
illu

stration
of

th
e

eff
ect

of
u
sin

g
a

arb
itrary

ch
osen

valu
e.

1
1



6.
Illu

stration
on

real
d
ata

D
escrip

tion
of

th
e

d
ata.

•
n

=
13,505

d
aily

m
ean

d
isch

arges
(in

m
3/s)

of
th

e
C

h
elm

er
river

collected
by

th
e

S
p
rin

gfi
eld

gau
gin

g
station

,
from

1969
to

2005.

•
T

h
e

d
ata

are
p
rovid

ed
by

th
e

C
entre

for
E

cology
an

d
H

yd
rology

(U
n
ited

K
in

gd
om

)
an

d

are
availab

le
at

h
t
t
p
:
/
/
w
w
w
.
c
e
h
.
a
c
.
u
k
/
d
a
t
a
/
n
r
f
a
.

•
Y

is
th

e
d
aily

fl
ow

of
th

e
river,

•
x

=
(x

1 ,x
2 )

is
a

b
i-d

im
en

sion
al

covariate
su

ch
th

at
x

1
∈
{
1969,1970,...,2005}

is
th

e

year
of

m
easu

rem
ent

an
d

x
2
∈
{
1,2,...,365}

is
th

e
d
ay.

1
2



S
election

of
th

e
hyp

erp
aram

eters.

•
h

n
,t

an
d

k
n
,t

are
assu

m
ed

to
b
e

in
d
ep

en
d
ent

of
t,

th
ey

are
thu

s
d
en

oted
by

h
n

an
d

k
n

resp
ectively.

•
T

h
ey

are
selected

by
m

in
im

izin
g

th
e

follow
in

g
d
istan

ce
b
etw

een
con

d
ition

al
H

ill
an

d

Z
ip

f
estim

ators:

m
in

h
n
,k

n

m
ax

t∈
T
|γ̂

n (t,W
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