A unified statistical model for Pareto and Weibull
tail- distributions

Stéphane Girard

INRIA Rhone-Alpes, Team Mistis
http://mistis.inrialpes.fr/people/girard/

June, 2009

Joint work with Laurent Gardes (Mistis, INRIA Rhéne-Alpes)
and Armelle Guillou (Université de Strasbourg)

L. Gardes, S. Girard & A. Guillou A statistical model for Pareto and Weibull tail- distributions



Motivation: Weibull tail- distributions

@ Motivation: Weibull tail- distributions

L. Gardes, S. Girard & A. Guillou A statistical model for Pareto and Weibull tail- distributions



Motivation: Weibull tail- distributions

Weibull tail- distributions

Definition. Let X1, X»,..., X, be a sequence of independent and
identically distributed random variables with cumulative
distribution function F such that

1— F(x) = exp(—H(x)), H™(t) = inf{x, H(x) > t} = t%4(t),

where
@ 0 > 0 is the Weibull tail- index,
@ /is a slowly varying function i.e.
(Ax)/l(x) — 1 as x — oo for all A > 0.

The inverse failure rate function H™ is said to be regularly varying
at infinity with index 6 and this property is denoted by H™ € Ry.
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Weibull tail- distributions

Remarks.

@ Weibull tail- distributions are included in the Gumbel
Maximum Domain of Attraction.

e Second order condition: There exist p < 0 and b(x) — 0
such that uniformly locally on A >1

0(x)

with K,(A) = [ u?~ldu.

log <£(AX)> ~ b(x)K,()\), when x — o0,
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Weibull tail- distributions

Examples.
0 (x) b(x) p
G . 2y | 1/2 | 912 o logx 0 1 1logx )
aussian(p,0°) | 1/ T i - i _
1 a-—1llogx 1 log x
Gamma(a, 3) 1 3 + 7 x (x) (1 )—X 1
Weibull(a, \) 1/« A 0 —00
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Weibull tail- distributions

Estimation of the Weibull tail- index.

1. [Beirlant et al, 1996] proposed an estimator based on the Hill

statistics:
1 &
/(7 (|Og Xn—i—i—l,n - |Og Xn—k,,—i—l,n)
6 — =1
n — 1 kn 9
> (loglog(n/) — log log(n/k»))
mi=1

where (kp) is an intermediate sequence, i.e. a sequence such that
kn — o0 and k,/n — 0 as n — oo.
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Weibull tail- distributions

Estimation of the Weibull tail- index.

2. [Gardes & Girard, 2006] proposed different normalizing
sequences:
kn

Oh=——— (|Og ani+1,n — log Xn—k,,—l—l,n)
i=1

where (T,) is such that T,log(n/k,) — 1 as n — oc.

3. Introduction of weights [Gardes & Girard, 2008]:
kn
Z Qj n (|0g ani+1,n — log Xn—k,,—l—l,n)

1
0, ="
n P )

Z ajn (loglog(n/i) — loglog(n/kp))
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Weibull tail- distributions

Estimation of the Weibull tail- index.

4. Other propositions: Mean residual life function [Beirlant et al,
1995], Bias correction [Diebolt et al, 2008], Mean excess function
[Dierckx et al, 2009], ...

@ Most of the proposed estimators are based on linear
combinations of log-spacings between upper order statistics.

@ How to explain this similarity with the Hill estimator
(dedicated to the Fréchet Maximum Domain of Attraction)?
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- tail distributions

Definition. The cumulative distribution function is such that
1 — F(x) = exp(—¢" (log H(x))), for x > x,

with

e H™ € Ry,

@ p(x) — 00 as x — o0,

@ ( is continuously differentiable,

e ¢ € R, with 7 € [-1,0],

e there exists M > 0 such that 0 < ¢/(.) < M.
Examples.

@ (t) = t: Pareto type distributions (Fréchet Maximum
Domain of Attraction), 7 =0,

e ¢(t) = log t: Weibull tail- distributions, 7 = —1.
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- tail distributions

The log-spacings between two quantiles x, and x, of 1 — F

logx, —logx, = 60(¢(logl/u)— ¢(logl/v))
log <€(e><p ¢(log 1/U))>
{(exp p(log1/v))
~ 0(p(logl/u) — ¢(log1/v))
are approximately proportional to 6 (if the orders u and v of the
quantiles are small enough).

_l’_

Pairs  (¢(log n/i),log (Xp—it+1,n))
for i =1,...,100 from a Gaussian
e sample with size n = 500.
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- tail distributions

Inference. The following estimator of ¢ is introduced:

k

. 1 I &

anifg log(Xn—i+1,n) — log(Xn—k,+1,n));
L(log(n/kn) kn i:1( g( +1, ) g( knt1,n))

where 1(t) = / (o(x + £) — p(£)) e dx.
0
e Pareto type distributions: p(t) =1 — Hill estimator
@ Weibull tail- distributions:
i) u(t) = fol log (1 — Ic’%) dy — [Gardes & Girard, 2006]

ii) Approximation by a Riemann sum — [Beirlant et al, 1996]
i) u(t) ~ ¢'(t) =1/t — [Gardes & Girard, 2006]
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- tail distributions

Theorem 1: Asymptotic normality of 0,

Let (k,) be an intermediate sequence such that
k,l,/zb(exp ¢(log(n/kn))) — 0. Then,

k%0, — 0) L N(0,62).
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- tail distributions

Estimation of extreme quantiles. Recall that an extreme
quantile x,, of order p, is defined by the equation 1 — F(xp,) = pp
with 0 < p, < 1/n. An estimator of x,, can be deduced from 6,

by:

Son = Xo sy &0 (B (2(10g(1/p)) — c(log(n/kn))) )

e Pareto type distributions: ¢(t) =t — Weissman estimator

e Weibull tail- distributions: ¢(t) = logt — [Gardes & Girard,
2005]
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- tail distributions

Theorem 2: Asymptotic distribution of Xp,

Suppose the assumptions of Theorem 1 hold with p < 0. If,
moreover,
1/2_b(exp p(log(n/kn)))
log(n/ kn)¢'(log(n/kn))
and there exists ¢ > 1 such that
log(1/pn)
log(n/kn)
then,
K L/2 % p
v " 1) 5 N(0,0°K2, ().
TR o (e 1) 4 N
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Further work

The - tail model could help to discriminate between Pareto type
and Weibull tail- distributions.

@ Either by building a test based on the Hill statistics
~ 1
Hn = k7n Zl(log(xn—i+1,n) - IOg(Xn—k,,—i-l,n))

since H, ", 9 for Pareto type distributions and H, .0 for
Weibull tail- distributions.

@ Or by estimating 7 (7 = 0 for Pareto type distributions and
7 = —1 for Weibull tail- distributions).
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