Thème COG

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Selecting Hidden Markov Chain States Number with Cross-Validated Likelihood

Gilles Celeux — Jean-Baptiste Durand

N° 5877

Avril 2006

Unité de recherche INRIA Futurs Parc Club Orsay Université, ZAC des Vignes, 4, rue Jacques Monod, 91893 ORSAY Cedex (France)

Téléphone : +33 1 72 92 59 00 — Télécopie : +33 1 72 92 59 ??

Selecting Hidden Markov Chain States Number with Cross-Validated Likelihood

Gilles Celeux , Jean-Baptiste Durand^∗

Thème COG — Systèmes cognitifs Projet Select

Rapport de recherche n° 5877 — Avril 2006 — 24 pages

Abstract: The problem of estimating the number of hidden states in a hidden Markov chain model is considered. Emphasis is placed on cross-validated likelihood criteria. Using crossvalidation to assess the number of hidden states allows to circumvent the well documented technical difficulties of the order identification problem in mixture models. Moreover, in a predictive perspective, it does not require that the sampling distribution belongs to one of the models in competition. However, computing cross-validated likelihood for hidden Markov chains involves difficulties since the data are not independent. Two approaches are proposed to compute cross-validated likelihood for a hidden Markov chain. The first one consists of using a deterministic half-sampling procedure, and the second one consists of an adaptation of the EM algorithm for hidden Markov chains, to take into account randomly missing values induced by cross-validation. Numerical experiments on both simulated and real data sets compare different versions of cross-validated likelihood criterion and penalised likelihood criteria, including BIC and a penalised marginal likelihood criterion. Those numerical experiments hightlight a promising behaviour of the deterministic half-sampling criterion.

Key-words: Hidden Markov Chains, Model Selection, Cross-Validation, Half-Sampling, Missing Values at Random, EM Algorithm, Forward-Backward Recursion

∗ IMAG

Sélection du nombre d’états d’une chaîne de Markov cachée à l’aide de la vraisemblance évaluée par validation croisée

Résumé : Nous considérons le problème de l’estimation du nombre d’états d’une chaîne de Markov cachée en nous concentrant sur les critères de vraisemblance évalués par validation croisée. Cette approche permet d’éviter les problèmes techniques et théoriques bien connus de l’identification de l’ordre d’un modéle à structure cachée. De plus, d’un point de vue prédictif, elle ne nécessite pas que la distribution des données soit l’un des modèles en compétition. Cependant, le calcul de la vraisemblance par validation croisée pour les chaînes de Markov cachées induit des difficultés puisque les données ne sont pas indépendantes. Nous envisageons deux approches pour ce calcul. La première se fonde sur un demi échantillonnage déterministe et la seconde revient à adapter l’algorithme EM pour les chaînes de Markov cachées de sorte à prendre en compte les données manquantes au hasard apparues lors du rééchantillonnage. Nous comparons ces critères à des critères de vraisemblance pénalisée plus traditionnels dont BIC et un critère fondé sur la vraisemblance pénalisée marginale. Des expérimentations numériques sur des données simulées et réelles mettent en lumière un comportement prometteur du critère de demi échantillonnage déterministe.

Mots-clés : Chaînes de Markov cachées, sélection de modèles, validation croisée, demi échantillonnage, valeurs manquantes au hasard, algorithme EM, procédure avant-arrière

1 Introduction

Finite mixture distributions provide powerful models for statistical learning (see McLachlan and Peel, 2000). In the context of Signal Processing, hidden Markov chains (HMC) models, which are finite mixture models with Markov regime, have been widely used for modelling time series with homogeneous zones, where the observed data have a similar distribution, associated to the states of an unobserved finite state Markov chain. For instance, HMC models have been used successfully in various applications such as Speech Recognition (see for instance Rabiner, 1989) or DNA sequence analysis (see for instance Churchill, 1989). For a review on hidden Markov chains and their applications, see for example Ephraïm and Merhav, 2002). An important but difficult question to be solved when dealing with a finite mixture model is to choose a relevant number of components or a number of hidden states in the HMC context. Many criteria or procedures have been proposed to answer this open question (see McLachlan and Peel 2000, chapter 6 for a recent state of the art). The main problem occurring with mixture order identification is that the validity conditions for the likelihood ratio tests and related penalised likelihood criteria do not hold. In particular, the vector parameter λ in R^r for the true number of components is not identifiable in a space of higher dimension r^′ > r. For instance, it has been proved that, for general HMCs, the likelihood ratio statistic is stochatically unbounded even for bounded parameters (Gassiat and Kéribin, 2000). However, for an independent mixture model, for which the observed data are independent, it has been shown that on a practical ground the BIC criterion of Schwarz (1978) has often a satisfactory behaviour (see Roeder and Wasserman, 1997 and Fraley and Raftery, 2002). Moreover, this criterion has been proved to lead to a consistent estimation of the number of components of a mixture model in the independent case when the likelihood of the model is bounded (see Kéribin 2000). In the independent case, many other criteria have been proposed and experimented in various situations (see Mclachlan and Peel, 2000 chapter 6). For instance the ICL criterion of Biernacki, Celeux and Govaert (2001) has been shown to be relevant to choose a number of mixture components leading to a clustering structure with the greatest evidence (McLachlan and Peel 2000, chapter 6). An other promising criterion is the cross-validated likelihood criterion which has been proposed and experimented by Smyth (2000) in the case of independent mixtures. An advantage of this criterion is that it seems to avoid some of the theoretical difficulties occuring with penalised likelihood criteria and unrealistic assumptions regarding the distribution of the data. There have been a lot of papers from both theoretical and practical viewpoints on choosing the number of components in an independent mixture model. But, as far as we know, there have been a few practical studies on the choice of the number of hidden states for HMCs despite the fact that some penalised likelihood crieria have been analysed in the HMC context (see Boucheron and Gassiat, 2005 for a review).

The aim of the present article is twofold. Firstly, several ways are proposed to solve the difficulty of implementing the cross-validated likelihood criterion in the HMC context, where the dependencies between the observations have to be taken into account in a proper way. Secondly, numerical experiments on both simulated and real data sets are proposed to compare various criteria to select the number of hidden states in a HMC model. Those

RR n° 5877

criteria are various versions of the cross-validated likelihood criterion, the well known AIC (Akaike, 1973) and BIC criteria, the ICL criterion and the penalised marginal likelihood criterion proposed and studied in Gassiat (2002) for HMCs.

The article is organised as follows. Section 2 is devoted to the presentation and computation of different versions of the cross-validated likelihood criterion. The computation of some of those criteria involves some difficulties when some of the data are removed at random from the learning set of dependent data. Those difficulties are overpassed in the present paper. Numerical experiments to compare several criteria, including our designed versions of cross-validated likelihood criteria, are presented in Section 3. Subsection 3.2 is devoted to the presentation of Monte Carlo numerical experiments on simulated data. Subsection 3.3 is devoted to the presentation of a real example concerning heart rate variability data for sleeping neonates. The article is concluded with a short discussion section.

2 Choosing the number of states of a HMC using crossvalidated likelihood

As mentioned in the introduction, assessing the number of components in mixture models encounters theoretical difficulties. A way to bypass those difficulties is to make use of resampling procedures. For instance, McLachlan and Peel (1997) proposed a parameterised bootstrap procedure to the assessment of the P -value of the likelihood ratio test in testing K = K_0 components versus K = K_1 components. More recently, Smyth (2000) proposed to choose the number of components in a mixture model for independent data by maximising the cross-validated likelihood. The cross-validation approach is natural in model selection because it aims at estimating the predictive performance of a model. For instance, the crossvalidated likelihood provides an out-of-sample estimate of the Kullback-Leibler divergence between the actual distribution of the data and a model distribution (Ripley, 1996). An advantage of the cross-validation approach in model selection is that it does not impose the unrealistic assumption that the actual distribution of the data belongs to one of the models in competition as, for instance, AIC and BIC do (see Ripley, 1996 or Spiegelhalter et al., 2000). In the mixture context, an other advantage of cross-validated likelihood is that it circumvents the above-mentioned technical difficulties encountered with penalised likelihood criteria. In this context, using the cross-validated likelihood and especially the half-sampling likelihood has been proved to be a valuable procedure to assess the number of components in finite mixture modelling (Smyth, 2000). In the HMC context, the implementation of cross-validated procedures for determining an appropriate number of hidden states given the data is facing a specific difficulty: removing observations at random from the training data sequence would break the Markovian dependence between the states of the hidden Markov chain. In this section, we describe two novel procedures for computing the crossvalidated likelihood in the context of hidden Markov chains.

A hidden Markov chain consists of an unobserved state process S = (S_1, . . . , S_n) with finite values {1, . . . , K} and an observed process Y = (Y_1, . . . , Y_n) such that

1. S is a homogeneous Markov chain with stationary state distribution π = (π_i)_{1≤i≤K} and with transition probability matrix p = (p_{ij} )_{1≤i,j≤K} ;

2. Given a realisation s = (s_1, . . . , s_n) of S, the Y_t are conditionnally independent and Y_t follows a distribution with density f_{θst} belonging to a parametric family {f_θ}_{θ∈Θ}.

The set of parameters of the hidden Markov chain model, denoted λ in the following, is usually estimated with the maximum likelihood method by the EM algorithm (Baum et al., 1970).

2.1 Computing cross-validated likelihood criteria for HMCs

When concerned with computing cross-validated maximum likelihood, parameter λ has to be estimated from an incomplete observed sequence, since part of the training data set has been removed. Furthermore the model assessment requires the computation of the likelihood using the remaining data, which also forms an incomplete sequence. To deal with this difficulty, the first approach we propose is a particular half-sampling procedure. It consists of removing from the original training sequence respectively the odd and even indices. The key point is that the resulting processes are still hidden Markov chains, which can be identified through the usual forward-backward recursion of Baum et al. (1970), i.e. the standard implementation of the EM algorithm for HMCs. Since this implementation is subject to underflow when n is moderately large, we use the smoothing algorithm of Devijver (1985), which is numerically stable. This approach provides an easy, rapid and efficient way to implement half-sampling. It preserves the Markovian structure of the model in a simple way, but imposes a particular form of half-sampling. The second approach we consider deals with the more general situation of v-fold cross-validation, where d = n/v among n data point are removed at random at each of the v steps of the cross-validation procedure. This approach has been proposed by Zhang (1993) for the selection of linear models. It can be dealt with the EM algorithm of Dempster et al. (1977) and it leads to derive a new forward-backward recursion for HMCs with data removed at random.

2.1.1 Half-sampling from the odd and even subchains

Half-sampling is a two-fold cross-validation procedure for which the learning and test data sets, of equal size n/2, are usually chosen at random in the actual data set. However, the indices of those two sub-samples can be chosen in a deterministic way. If the two subsamples are designed by considering respectively the odd and even indices of the original data set, supposed to follow a HMC distribution, the resulting processes are still HMCs. More precisely, the theorem below holds.

Theorem 1 Distribution of the odd (resp. even) subchain.

Let (Y_1, . . . , Y_{2n}) be a hidden Markov chain with K hidden states and with parameter λ =

RR n° 5877

(π, p, θ_1, . . . , θ_K ). Then the odd (resp. even) subchain (Y_1, Y_3, . . . , Y_{2n−1}) = (Y^′_1 , . . . , Y^′_n) (resp. (Y_2, Y_4, . . . , Y_{2n}) = (Y^{′′}_1 , . . . , Y^{′′}_n )) is a hidden Markov chain with K hidden states and with parameter (π, p^2, θ_1, . . . , θ_K ).

Proof: For the odd sequence, the result follows from the fact that the hidden process (S_1, S_3, . . . , S_{2n−1}) is straightforwardly a Markov chain with K states, with initial distribution π and with transition probability matrix p^2. Using the conditional independence of (Y_1, Y_3, . . . , Y_{2n−1}) given (S_1, S_3, . . . , S_{2n−1}) leads to the expected result. The argument is quite analog for the even sequence. The only difference is that the initial distribution of the even chain is πp. In the case where the original hidden chain is assumed stationary, both hidden subchains are Markov chains with the same distribution, since in this case πp^2 = πp = π.□ Thus, the parameters of the odd and even HMC are the same. Their parameter can be estimated straightforwardly from the EM algorithm and the loglikelihood can be computed as a by-product of the EM algorithm. In the half-sampling procedure the role of the odd and even subsequences are permuted. When the vector parameter λ is estimated using the odd (resp. even) subsequence, its loglikelihood is calculated on the even (resp. odd) subsequence using the forward recursion of Baum et al. (1970). Thus, the resulting OEHS (for Odd-Even Half-Sampling) criterion to assess the number of hidden states of the HMC model is the sum of those loglikelihoods. Since the dominant term of the complexity for each EM iteration is 2nK^2, this is also the dominant term of the complexity for this half-sampling procedure.

2.1.2 Multifold cross-validation procedure

The implementation of the multifold cross-validation in the general case amounts to estimate the vector parameter λ and to compute the likelihood from two different incomplete sequences. The whole training sequence y of length n is decomposed at random into an observed subsequence y_{Obs} and a removed subsequence y_{M is} where Obs represents the subset of {1, . . . , n} corresponding to the observed value indices, and where M is is the set {1, . . . , n}\Obs of the removed value indices. To estimate the parameter λ in such context, where two types of missing values exist, namely the hidden states and the removed observations, we resort to the EM algorithm.

For any parameter λ and any occurrence of the hidden sequence s, the completed data loglikelihood of λ is defined by ln L_{yObs,yMis,s}(λ) = n∑ t=1 K∑ j=1 ln f_{θj} (y_t)I_{{st =j}}

+ n−1∑ t=1 K∑ j=1 K∑ k=1 ln p_{jk}I_{{st =j,st+1 =k}}

+ K∑ j=1 ln π_j I_{{st =j}} (1) where I_{{.}} denotes the indicator function. Let λ^{(m−1)} be the parameter estimate at iteration m − 1 of the EM algorithm. The function Q of λ , to be maximised in the M step of the EM algorithm, is the conditional expectation of the completed data loglikelihood for the current parameter value λ^{(m−1)}, Q(λ, λ^{(m−1)}) = E_λ(m−1) [ln L_{Y Obs,Y Mis,S} (λ)|Y_{Obs} = y_{Obs}]. It follows from equation (1) that Q(λ, λ^{(m−1)}) = ∑ t ∑ j E_λ(m−1) [ln f_{θj} (Y_t)I_{{St =j}}|Y_{Obs} = y_{Obs}] + ∑ t ∑ j ∑ k ln p_{jk}P_λ(m−1) (S_t = j, S_{t+1} = k|Y_{Obs} = y_{Obs}) + ∑ j ln π_j P_λ(m−1) (S_1 = j|Y_{Obs} = y_{Obs}). (2)

This expression can be simplified by noting that if t ∈ Obs, i.e. if Y_t is considered as observed, E_λ(m−1) [ln f_{θj} (Y_t)I_{{St =j}}|Y_{Obs} = y_{Obs}] = ln f_{θj} (y_t)P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}), and, if t ∈ Mis, i.e. if Y_t has been removed from the training sample, E_λ(m−1) [ln f_{θj} (Y_t)I_{{St=j}}|Y_{Obs} = y_{Obs}] = E_λ(m−1) [ln f_{θj} (Y_t)|S_t = j]P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}) since, given S_t = j, Y_t does not depend on any other random variable, and particularly on the Y_{Obs} process. Thus, equation (2) can be written Q(λ, λ^{(m−1)}) = ∑ t∈Obs ∑ j ln f_{θj} (y_t)P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}) + ∑ t∈Mis ∑ j E_λ(m−1) [ln f_{θj} (Y_t)|S_t = j]P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}) + ∑ t ∑ j ∑ k ln p_{jk}P_λ(m−1) (S_t = j, S_{t+1} = k|Y_{Obs} = y_{Obs}) + ∑ j ln π_j P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}). (3)

E step The E step of the EM algorithm consists of computing Q(λ, λ^{(m−1)}). >From (3), this amounts to compute the quantities P_λ(m−1) (S_t = j, S_{t+1} = k|Y_{Obs} = y_{Obs}) and P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}) for each hidden states j and k, at each time t. This can be done using the

RR n° 5877

following forward-backward recursion. In the sequel, P_λ(m−1) is denoted P for the sake of simplicity.

The forward recursion is based on the quantities α̃_t(j) = P ({Y_u = y_u}_{u∈Obs,u≤t}, S_t = j). It is initiated at t = 1 with

α̃_1(j) = { P (Y_1 = y_1, S_1 = j) = π_j f_{θj} (y_1) if 1 ∈ Obs; P (S_1 = j) = π_j if 1 ∈ Mis.

Then the (α̃_t(j))_j are computed inductively for increasing values of t. If t+1 ∈ Obs, α̃_{t+1}(k) is obtained from the (α̃_t(j))_j in a standard fashion as in Baum et al. (1970), i.e.

α̃_{t+1}(k) = ∑ j p_{jk}α̃_t(j)f_{θk} (y_{t+1}). (4)

If t + 1 ∈ Mis, α̃_{t+1}(k) is computed by integrating P ({Y_u = y_u}_{u∈Obs,u≤t+1}, S_{t+1} = k) over y_{t+1}. From equation (4), this leads to

α̃_{t+1}(k) = ∫ y_{t+1} ∑ j p_{jk}α̃_t(j)f_{θk} (y_{t+1}) dy_{t+1} (5) = ∑ j p_{jk}α̃_t(j) ∫ y_{t+1} f_{θk} (y_{t+1}) dy_{t+1} = ∑ j p_{jk}α̃_t(j),

since α̃_t(j) does not depend on y_{t+1} and since f_{θk} is a probability density function.

The backward recursion is based on the quantities β̃_t(j) = P ({Y_u = y_u}_{u∈Obs,t<u≤n}|S_t = j). It is initiated at t = n with β̃_n(j) = 1. Then the (β̃_t(j))_j are computed inductively for decreasing values of t. If t + 1 ∈ Obs, β̃_t(j) is obtained from the (β̃_{t+1}(k))_k as in Baum et al. (1970), i.e. β̃_t(j) = ∑ k p_{jk}β̃_{t+1}(k)f_{θk} (y_{t+1}). (6)

If t + 1 ∈ Mis, β̃_t(j) is computed by integrating P ({Y_u = y_u}_{u∈Obs,t<u≤n}|S_t = j) over y_{t+1}. From equation (6), this leads to

β̃_t(j) = ∫ y_{t+1} ∑ k p_{jk}β̃_{t+1}(k)f_{θk} (y_{t+1}) dy_{t+1} = ∑ k p_{jk}β̃_{t+1}(k) ∫ y_{t+1} f_{θk} (y_{t+1}) dy_{t+1} = ∑ k p_{jk}β̃_{t+1}(k), (7)

since β̃_{t+1}(k) does not depend on y_{t+1}.

The above recursion deserves the following comments: Firstly, it amounts to replace f_{θk} (y_t) with the value one when Y_t is removed.

Secondly, if Y_t is removed and if Y_{t−1} and Y_{t+1} are observed, applying equation (5) followed by equation (4) shows that

α̃_{t+1}(k) = ∑ j p_{jk} ∑ l p_{lj}α̃_{t−1}(l)f_{θk} (y_{t+1}) = ∑ j [ ∑ l p_{jk} p_{lj} ] α̃_{t−1}(l)f_{θk} (y_{t+1}).

Thus, it can be noticed that the recursion involves the coefficients of matrix p^2. This is due to the transition between S_{t−1} and S_{t+1} being ruled by p^2 in the Markov chain S. In the same manner, it is easily proved by induction that if n^′ successive y_t are removed between two observed y_t, the forward recursion associated with those two observed y_t involves the transition matrix p^{n′ +1}. This is illustrated in Figure 1.

t = 2 t = 3

S_3

Y_1

t = n time t = 4

S_4

Y_4

S_1

Y_n

S_2

Y_2 Y_3

A^3 S_n

t = t_0 = 1

Figure 1: Deletion of observations with random indices within a hidden Markov chain. If the random variables are deleted from t = t_0 to t = t_0 + n^′, the forward algorithm computes α̃_{t+n}′_{+1} from α̃_t by computing p^{n′ +1}. This is illustrated here for n^′ = 2 and t_0 = 1.

Lastly, the above implementation of the forward-backward recursion is subject to underflow when n is moderately large, as discussed in Devijver (1985). This is the reason why we recommend the following implementation, which is a smoothing algorithm inspired by Devijver’s algorithm. The corresponding recursions are based on the quantities α_t(j) = P (S_t = j|{Y_u = y_u}_{u∈Obs,u≤t}) and β_t(j) = P ({Y_u = y_u}_{u∈Obs,t<u≤n} | S_t = j) P ({Y_u = y_u}_{u∈Obs,t<u≤n} | {Y_u = y_u}_{u∈Obs,u≤t}) . Thus α_t(j) = α̃_t(j) P ({Y_u = y_u}_{u∈Obs,u≤t}) (8)

RR n° 5877

The forward-backward recursion of the smoothing algorithm is the following. For each state k and each time t > 1, we define α^′_t(j) as

α^′_t(j) = α̃_t(j) P ({Y_u = y_u}_{u∈Obs,u≤t−1}) . (9)

As a consequence from equation (8),

α_t(j) = α^′_t(j)P ({Y_u = y_u}_{u∈Obs,u≤t−1}) P ({Y_u = y_u}_{u∈Obs,u≤t}) . (10)

Then from equations (4) and (5), we obtain the recursion

α^′_{t+1}(k) = {∑ j p_{jk}α_t(j)f_{θk} (y_{t+1}) if t + 1 ∈ Obs ∑ j p_{jk}α_t(j) if t + 1 ∈ Mis. >From equation (9), ∑ k α^′_{t+1}(k) = P ({Y_u = y_u}_{u∈Obs,u≤t+1}) P ({Y_u = y_u}_{u∈Obs,u≤t}) , (11)

and from equation (10), α_{t+1}(k) is computed as

α_{t+1}(k) = α^′_{t+1}(k) ∑ l α^′_{t+1}(l) .

The quantity β_t(j) in the backward recursion is related to β̃_t(j) as follows:

β_t(j) = β̃_t(j) P ({Y_u = y_u}_{u∈Obs,t<u≤n}|{Y_u = y_u}_{u∈Obs,u≤t}) . (12)

For each state k and each time t < n, we define β^′_t(j) as

β^′_t(j) = β_t(j)P ({Y_u = y_u}_{u∈Obs,u≤t+1}) P ({Y_u = y_u}_{u∈Obs,u≤t}) . (13)

Consequently, from equations (12) and (13),

β^′_t(j) = β̃_t(j)P ({Y_u = y_u}_{u∈Obs,u≤t+1}) P ({Y_u = y_u}_{u∈Obs}) . (14)

Then from equations (6) and (7), it leads to the recursion

β^′_t(j) = {∑ k p_{jk}β_{t+1}(k)f_{θk} (y_{t+1}) if t + 1 ∈ Obs ∑ k p_{jk}β_{t+1}(k) if t + 1 ∈ M is.

Using equations (11) and (13), β_t(j) is computed as

β_t(j) = β^′_t(j) ∑ l α^′_{t+1}(l) . The quantities P (S_t = j|Y_{Obs} = y_{Obs}), denoted by ξ_t(j), and P (S_t = j, S_{t+1} = k|Y_{Obs} = y_{Obs}), denoted by γ_t(j, k), are derived as in Devijver (1985). From the classical equations

ξ_t(j) = α̃_t(j)β̃_t(j) P (Y_{Obs} = y_{Obs}) and γ_t(j, k) = α̃_t(j)p_{jk} f_{θk} (y_{t+1})β̃_{t+1}(k) P (Y_{Obs} = y_{Obs}) , we derive the following expression for the smoothed probabilities:

ξ_t(j) = α_t(j)β_t(j) and γ_t(j, k) = α_t(j)p_{jk} f_{θk} (y_{t+1})β_{t+1}(k) ∑ l α^′_{t+1}(l) . M step The maximisation of the quantity Q(λ, λ^{(m−1)}) with respect to λ leads to the standard update formula for p

p̂_{jk} = ∑ t P_λ(m−1) (S_t = j, S_{t+1} = k|Y_{Obs} = y_{Obs}) ∑ t P_λ(m−1) (S_t = j|Y_{Obs} = y_{Obs}) .

The estimation formula for θ_j depends on the family {f_θ}_{θ∈Θ}. The formulas of Redner and Walker (1984) for independent mixtures in the exponential family of distributions

f_θ(y) = b(y) a(θ) e^{θt T (y)} can be easily extended to the dependent case. The natural parameter Φ_j = E_θ[T (Y )] is estimated by ∑ t∈Obs ξ_t(j)T (y_t) + [ ∑ t∈M is ξ_t(j)]Φ^{(m−1)}_j ∑ t ξ_t(j) .

RR n° 5877

For instance, for the Gaussian family with mean μ and variance Σ, this leads to the updating formulas

μ̂_j = ∑ t∈Obs ξ_t(j)y_t + [ ∑ t∈M is ξ_t(j)]μ^{(m−1)}_j ∑ t ξ_t(j) Σ̂_j = ∑ t∈Obs ξ_t(j)(y_t − μ̂_j )(y_t − μ̂_j )^t + [ ∑ t∈M is ξ_t(j)][Σ^{(m−1)}_j + (μ^{(m−1)}_j − μ̂_j )(μ^{(m−1)}_j − μ̂_j )^t] ∑ t ξ_t(j) .

Remark: As shown above, the adaptation of the general multi fold cross-validation scheme to the HMC context appears to be possible without too much difficulty. However, great variability can be expected from such a resampling procedure since useful information to estimate transition probabilities is lost. Moreover, it is quite doubtful that a single run of a multi fold cross-validated procedure would lead to a stable and reliable assessment of the number of hidden states of a HMC. In Durand (2003), numerical experiments highlight the poor behaviour of such single runs of multi fold cross-validation and show that, typically, such procedures have a tendency to overestimate the number of states in a HMC. To reduce this great variability, it is highly recommended to make use of Monte Carlo repetitions of the general multi fold cross-validation scheme. Denoting M the number of Monte Carlo repetitions of the multi fold cross-validation procedure, this leads to compute the crossvalidated loglikelihood of a model as the mean of the M cross-validated loglikelihood values derived from the M cross-validation procedures.

3 Numerical Experiments

The aim of this section is to give elements on the practical ability of cross-validated likelihood criteria to estimate in a relevant way the number of hidden states in a HMC. In that purpose, the performances of penalised likelihood criteria AIC, BIC, ICL and PML are compared from numerical experiments with the performances of two cross-validation procedures presented in the previous section to assess the number of hidden states. Before presenting those numerical results, the compared criteria and the experiment conditions are described in the next subsection. In Section 3.2, numerical experiments on simulated data are reported. In Section 3.3, an application of the HMC model to analyse heart rate variability of neonates during sleep is presented.

3.1 Criteria in competition and experiment conditions

The considered cross-validated likelihood criteria are the Odd/Even half-sampling procedure (OEHS) and the Monte Carlo half-sampling procedure (MCHS) described in Section 2.

Penalised likelihood criteria A classical approach to the model assessing problem consists of penalising the fit of a model by a measure of its complexity. A convenient measure of fit is the deviance of a model m ∈ M, which is

d(x) = 2[ln p(y) − ln p(y|m, λ̂_m)]

where p(y) denotes the true distribution of the observed data y = (y_1, . . . , y_n), p(y|m, λ_m) denotes the distribution under the model m parameterised with λ_m, and λ̂_m is the maximum likelihood estimate (MLE) of λ_m. A common way of choosing a penalisation term is to evaluate how large would be the deviance difference on average over learning and test sets of same size. That is, the penalisation would be an estimation of nD(Y ) − E(d(y)) where

D(X) = 2E[ln p(Y ) − ln p(Y |m, λ̂_m)]

is the expected deviance on a test sample Y . Assuming that the data arose from a distribution belonging to the collection of models in competition and using asymptotic arguments, Akaike (1974) proposed to estimate this difference with 2ν_m where ν_m is the number of free parameters of the model m. This leads to the so-called AIC criterion

AIC(m) = 2 ln p(y|m, λ̂_m) − 2ν_m. (15)

An other point of view consists of basing the model selection on the integrated likelihood of the observed data in a Bayesian perspective (see Kass and Raftery, 1995). This integrated likelihood is p(y|m) = ∫ p(y|m, λ_m)π(λ_m)dλ_m, (16) π(λ_m) being a prior distribution for parameter λ_m. A classical asymptotic approximation of the logarithm of the integrated likelihood is the BIC criterion of Schwarz (1978). It is

BIC(m) = ln p(y|m, λ̂_m) − ν_m 2 ln(n). (17)

This approximation needs regularity conditions on the likelihoods of the model collection M and is accurate when the prior distribution π(λ_m) is centered around the maximum likelihood estimate λ̂_m (see Raftery 1995). Notice that it has been argued that this formulation may only be appropriate in circumstances where it was really believed that one and only one of the competing models is in fact true (Bernardo and Smith 1994, chapter 6).

One of the interest of the BIC criterion as compared to the AIC criterion is that under regularity conditions, BIC is expected to be consistent while AIC is not. (For a general theoretical comparison between AIC and BIC, an interesting reference is Yang (2005). The consistency of BIC estimator for HMC number of states is still far from being established (Boucheron and Gassiat, 2005). However, under regularity conditions, Gassiat (2002) has proved the consistency of the following Penalised Marginal Likelihood (PML) criterion to estimate the number of hidden states of a HMC

PML(m) = n∑ i=1 ln p(y_i|m, λ̂_m) − ν_m 2 ln(n), (18)

RR n° 5877

where p(y_i|m, λ̂_m) denotes the marginal distribution of y_i for model m. PML as the same form as BIC where the likelihood has been replaced with the pseudo likelihood of λ_m.

When using a HMC model, it can be advantageous to choose the number of hidden states in order to get the mixture model giving rise to partitioning data with the greatest evidence. With that purpose in mind, Biernacki et al. (2001) proposed to approximate the integrated likelihood of the complete data (y, s) (or integrated completed likelihood), with a BIC-like approximation leading to the criterion

ICL(m) = ln p(y, ŝ | m, λ̂_m) − ν_m 2 ln n, (19)

where the sequence of missing states has been replaced by its most probable value ŝ, for parameter estimate λ̂, derived through the Viterbi algorithm (see for instance Ephraïm and Mehrav, 2002).

Experiment conditions The simulation and estimation protocols are described hereafter. A procedure now described, inspired from Biernacki et al. (2003), is expected to greatly reduce the initial position dependence of the EM algorithm. This procedure makes use of ten different initial parameter values chosen at random. For each initial position, fifty iterations of the stochastic EM à la Gibbs algorithm of Robert et al. (1993) are first completed. This phase is expected to reduce the dependence of the estimates with respect to the starting position. For each of the ten runs, the parameter value with highest likelihood is used as initial value for the EM algorithm, which is run for fifty iterations. The parameter value with highest likelihood, among the ten different runs, is chosen as initial position for a further long run of the EM algorithm, which is stopped either when 1,000 iterations are completed or when the relative loglikelihood increase is below 10^{−6}. The MCHS criterion is computed using ten Monte Carlo repetitions.

Finally, it is important to note that the cross-validation procedures OEHS and MCHS can be initiated from the MLE derived from the whole observed data sequence. This strategy is expected to reduce the number of iterations required for convergence of the EM algorithm. However, this can lead to suboptimal estimates (compared to random initial values). Moreover, in a cross-validation procedure, the estimates to be assessed are not supposed to be dependent of the samples used to assess its performance. This is why we use the full sequence MLE as an eleventh initial parameter for the algorithm. This mixed strategy empirically has led to the highest likelihood of the final parameter, compared to those based of either ten random initial values, or only the full sequence MLE.

3.2 Simulated data

Thirty sequences of length 350 have been simulated, using a two-dimensional stationary Gaussian HMC model with three states, defined by the parameter λ_0 composed with

p = 0.7 0.15 0.15 0.1 0.7 0.2 0.1 0.1 0.8 μ_1 = [ 0.0 0.0 ] μ_2 = [ 2.0 1.9 ] μ_3 = [ 2.0 −1.9 ] and the variance matrices Σ_1 = Σ_2 = Σ_3 = Id, where Id refers to the identity matrix. Figure 2 (a) displays the thirty simulated data sets on the same picture. When estimating the Gaussian HMC model, the variance matrices are assumed to be of the form γId, where the unknown scalar γ is independent from the Markov chain state. In this experiment, the number of hidden states K varies between K = 1 and K = 7. The frequencies of choosing a K value with each criterion are reported in Table 1.

Criterion Number of selected hidden states 1 2 3 4 5 6 7 MCHS - - 96.67 % 3.33 % - - - OEHS - - 100.00 % - - - - AIC - - 50.00 % 50.00 % - - - BIC - - 100.00 % - - - - ICL - - 100.00 % - - - - PML - 23.33 % 76.67 % - - - -

Table 1: Frequencies of choosing a number of hidden states for the three-state simulated HMC with the criteria MCHS, OEHS, AIC, BIC, ICL and PML. The frequencies are computed over thirty simulated sequences of length 350.

It appears that except PML and AIC, all the criteria select the generating model. Criterion PML has a slight tendency to underestimate K while AIC has a marked tendency to select more complex models.

Further experiments, performed using a generating HMC model with five hidden states less separated than those defined by λ_0, are now presented. Thirty sequences of length 350 have been simulated, using a two-dimensional stationary Gaussian HMC model with five states, defined by the parameter λ_1 composed with

p = 0.7 0.1 0.1 0.05 0.05 0.05 0.8 0.05 0.07 0.03 0.03 0.15 0.75 0.03 0.04 0.02 0.01 0.05 0.85 0.07 0.04 0.02 0.02 0.02 0.9 ,

μ_1 = [ 0 0 ] μ_2 = [ 2.7 2.7 ] μ_3 = [ 2.7 −2.7 ] μ_4 = [ 2.0 1.5 ] μ_5 = [ 2.0 −1.5 ] , and the variance matrices Σ_1 = . . . = Σ_5 = Id. Moreover, for the same model, thirty sequences of length 1,400 have been simulated. Those data sets are displayed in Figure 2 (b) and (c) respectively.

In the estimation procedure, the number of maximal iterations has been increased from 1,000 to 1,500 for the sequences of length 350, and to 2,000 for the sequences of length 1,400.

RR n° 5877

A posteriori, this was not necessary since for most sequences, convergence was achieved before 1,000 iterations.

(a) (b) (c)

Figure 2: (a) Simulated data from 30 HMCs of length 350 with K = 3 hidden states; (b) Simulated data from 30 HMCs of length 350 with K = 5 hidden states; (c) Simulated data from 30 HMCs of length 1,400 with K = 5 hidden states.

Criterion Number of selected hidden states 1 2 3 4 5 6 7 OEHS - - 50.00 % 26.67 % 16.67 % 6.67 % - MCHS - - 33.33 % 40.00 % 23.33 % 3.33 % - AIC - - 6.67 % 50.00 % 40.00 % 3.33 % - BIC - - 90.00 % 10.00 % - - - ICL - 6.67 % 76.67 % 16.67 % - - - PML - 30.00 % 70.00 % - - - -

Table 2: Frequencies in percentage of choosing a number of hidden states for the five-state simulated HMC with the criteria MCHS, OEHS, AIC, BIC, ICL and PML. The frequencies are computed over thirty simulated sequences of length 350.

>From Table 2, it appears that no criterion selects the generating model in the majority of cases, and most criteria favours the three-state solution, which seems reasonable as shown in Figure 2(b). >From this set of numerical experiments, only cross-validation criteria and AIC indicate the five hidden state solution as a plausible solution. Moreover, in the present case, AIC seems to have the most satisfactory behaviour, but it is probably favoured here by its tendency to underpenalise the complexity of a model.

With a larger sequence of length 1400, all the criteria except ICL and PML, select most often the same number of hidden states as the generating model, as it appears in Table 3. The most satisfactory results are obtained with criterion MCHS and to a smaller extend

Criterion Number of selected hidden states 1 2 3 4 5 6 7 OEHS - - - 10.00 % 53.33 % 33.33 % 3.33 % MCHS - - - - 83.33 % 13.33 % 3.33 % AIC - - - - 56.67 % 40.00 % 3.33 % BIC - - - 26.67 % 73.33 % - - ICL - - 10.00 % 66.67 % 23.33 % - - PML - - 100.00 % - - - -

Table 3: Frequencies in percentage of choosing a number of hidden states for the five-state simulated HMC with the criteria MCHS, OEHS, AIC, BIC, ICL and PML. The frequencies are computed over thirty simulated sequences of length 1,400.

with criterion BIC. Criteria OEHS and AIC have a tendency to overestimate the number of hidden states, contrary to PML, which seems to highly underestimate the number of hidden states, as ICL does to a smaller extend. Actually, as shown in Figure 2(b) and (c), the five mixture components are poorly separated. From this point of view, the behaviour of ICL, which favours no overlapping solutions by its very nature, is sensible. Concerning the behaviour of PML, since the mixture components are overlapping, it seems difficult to diagnosis the presence of five hidden states without taking into account the Markovian dependency between data. However, the PML criterion does not.

To measure the asymptotic ability of the competing criteria to select the right number of hidden states, four sequences of length 15,000 have been simulated for the same model.

Figure 3 displays the typical behaviour of the four criteria OEHS, BIC, ICL and PML for one of the simulated data set of length 15,000. The procedure MCHS which is much more CPU time costly had not been included in those large sample size numerical experiment. From those additional numerical experiments, it appears that OEHS, BIC and ICL selected five-state models in the four cases. PML selected a six-state model for one sequence (with a PML value very close to that of a five-state and of a three-state model) and a five-state model for the other sequences.

Clearly, the very small number of sequences (owing to a very long parameter estimation phase) does not allow definitive conclusions to be drawn from these experiments. However, the results may highlight a correct asymptotic behaviour of the four criteria in practice, although the curves of BIC and ICL have the most marked pikes around the number of states of the generating model.

3.3 Heart rate variability in sleeping neonates

We consider the problem of heart rate variability analysis in sleeping neonates addressed in Clairambault et al. (1991). The signal has been modelled using a Gaussian HMC in Celeux and Clairambault (1992). Their aim was to identify several periods in the neonate sleep,

RR n° 5877

Figure 3: The behaviour of criteria OEHS, BIC, ICL and PML for a sequence of length 15,000 simulated using a five-state HMC

which can be characterised by states of the heart rate variability and can be interpreted as quiet sleep, intermediate sleep and agitated (or so-called active) sleep. The problem of selecting the number of hidden states has not been considered yet, and the authors chose an a priori two-state HMC corresponding to calm and active sleep modelling. Though the hypothesis of a Gaussian emission distribution family leads to operational restoration of the periods, this model does not appear to fit the data accurately.

Consequently, we use a transformed signal where the number of heartbeats per second is computed. This transformation induces a loss of information, but leads to an easy segmentation of the signal into biologically interpretable periods. Since in our sample this quantity varies between 1 and 4, we model this discrete signal by a HMC with multinomial emission distributions, and with stationary state distribution. The parameter is estimated using the same procedure as in 3.2, except that three random values are drawn as initial parameters for the EM algorithm. Figure 4 presents the values of each selection criterion for one sequence of length 5,356.

Both BIC and ICL select a three-state model. The MCHS selects a two-state model. Strictly speaking, the OEHS selects a five-state model, but the value of the criterion for this model is not much different from that for a two-state model, which would actually be selected by a modeller.

Figure 4: Model selection for the heart rate variability sample. The values of the criteria OEHS, MCHS, BIC, PML and ICL are represented as a function of the number of hidden states K.

The MLE associated with a three-state model is the following:

π̂ = [ 0.73 0.15 0.12 ] ; p̂ =

0.99 0.01 0.00 0.07 0.27 0.66 0.00 0.80 0.20 ; θ̂_1 = θ̂_2 = θ̂_3 =

0.00 0.03 0.88 0.09 0.01 0.00 0.99 0.00 0.00 0.00 0.00 1.00 ,

which means that P (Y_t = 1|S_t = 1) = 0.00, P (Y_t = 2|S_t = 1) = 0.03, P (Y_t = 3|S_t = 1) = 0.88, P (Y_t = 4|S_t = 1) = 0.09, etc. Note that the actual frequency of {Y_t = 1} is approximately 3.7 × 10^{−4}.

The MLE associated with a two-state model is:

π̂ = [ 0.65 0.35 ] ; p̂ = [ 0.99 0.01 0.02 0.98 ] ; θ̂_1 = θ̂_2 = [ 0.00 0.03 0.89 0.08 0.00 0.00 0.62 0.38 ] , which essentially consists of merging states 2 and 3 of the three-state model. This is also highlighted by the hidden state restoration performed by the Viterbi algorithm providing the globally most likely sequence of hidden states, as shown in Figure 5.

The PML selects a one-state model, and is a decreasing function of the number of hidden states. Such a one-state model is clearly inappropriate to model periods in neonatal sleep.

RR n° 5877

Figure 5: Hidden state restoration for the heart rate variability dataset with the Viterbi algorithm (applied to the first 200 points). Top: three-state HMC model. Bottom: two-state HMC model.

>From a biological viewpoint, two or three stages of sleep are defined in neonates (unlike in adults, who have five stages of sleep): quiet sleep, active sleep, and sometimes intermediate sleep, which is vaguely defined. The HMC model aims at associating the hidden states with stages of sleep. With a three-state model, states 2 and 3 appear to be unstable, as shown by the hidden state restoration on Figure 5 and by the diagonal coefficients of the estimated transition probability matrix. Thus, a sojourn into state 2 or state 3 cannot be interpreted as a well-defined stage of sleep, not even as intermediate sleep. In contrast, the states of the two-state model are stable and are more likely to be interpreted as stages of sleep. Therefore, a two-state model seems to be preferable to a three-state model. In the former model, states 1 and 2 would correspond to quiet sleep (characterised by slow heart rate) and active sleep (high heart rate), respectively.

4 Discussion

It has been proposed to assess the number of hidden states in a HMC with the cross-validated likelihood. Owing to the dependence of the data sequence occurring with HMC models, the computation of cross-validated likelihood induced some difficulties. Those difficulties have been circumvented using a deterministic half-sampling scheme or solved using a new version of the EM algorithm to estimate the parameter of a HMC with data missing at random. This leads to define two cross-validation criteria of different nature to assess the number of hidden states in a HMC.

Both criteria, the so-called OEHS and MCHS have been compared with penalised likelihood criteria AIC, BIC, PML and ICL from numerical experiments. The conclusions of those numerical experiments are the followings.

• Criteria AIC, BIC and ICL seem to have a behaviour in the HMC context analogous to their behaviour in the independent mixture context (see McLachlan and Peel, 2000, chapter 6). Criterion AIC has a tendency to underpenalise the complexity of a model, ICL favours models that give rise to partitioning the data with the greatest evidence from the hidden states, and BIC seems to perform well if a HMC gives a reasonable representation of the observed process.

• In the HMC context, only the PML criterion has been proved to be consistent under regularities conditions (Gassiat, 2002). However, it seems that PLM converges very slowly to the optimal solution. Moreover, in practical situations, it seems to have a high tendency to overpenalise the complexity of a HMC model when the sequence length is not very large. Actually, it can be remarked that the maximal pseudo likelihood is always smaller than the maximal likelihood for any HMC. It means that a good fit is less rewarded with the pseudo od than with the likelihood.

• The cross-validation criterion MCHS seems to have a satisfactory behaviour. >From our experiments, MCHS may have a slight tendency to select more complex models than BIC does on simulated datasets, but a more parsimonious one on the considered real dataset. Its main disadvantage is that it is much more time consuming than the other criteria. Only a two fold cross-validation criterion has been experimented; however, a Monte Carlo ten (for instance) fold cross-validation criterion would expectedly lead to analogous and more stable performance without producing a deterioration of the CPU time.

• Criterion OEHS can be regarded as a good subrogate to the MCHS criterion. It is highly less time consuming and seems to have analogous performance.

Acknowledgements

The author are thankful to J. Clairambault and P. Gonçalvès for helpful discussions concerning the application.

RR n° 5877

References

[1] H. Akaike. Information theory as an extension of the maximum likelihood theory. In B.N. Petrov and F. Csaki, editors, Second International Symposium on Information Theory, pages 267–281. Akademiai Kiado, Budapest, 1973.

[2] L.E. Baum, T. Petrie, G. Soules, and N. Weiss. A Maximization Technique Occurring in the Statistical Analysis of Probabilistic Functions of Markov Chains. The Annals of Mathematical Statistics, 41(1):164–171, 1970.

[3] J.M. Bernardo and A.F.M. Smith. Bayesian Theory. Chichester: Wiley, 1994.

[4] C. Biernacki, G. Celeux, and G. Govaert. Assessing a Mixture Model for Clustering with the Integrated Completed Likelihood. IEEE Transactions on Pattern Analysis and Machine Intelligence, 22(7):719–725, 2001.

[5] C. Biernacki, G. Celeux, G. Govaert, F. Langrognet, G. Noulin, and Y. Vernaz. Modelbased cluster analysis and discriminant analysis with the mixmod software. Computational Statistics and Data Analysis, 2006. to appear.

[6] S. Boucheron and E. Gassiat. Inference in hidden Markov models, chapter order estimation. Springer-Verlag, 2005. edited by O. Cappé, E. Moulines and T. Ryden.

[7] G. Celeux and J. Clairambault. Estimation de chaînes de Markov cachées : méthodes et problèmes. In Actes des journées thématiques Approches markoviennes en signal et images. GDR signal-images CNRS, pages 5–20, 1992.

[8] G.A. Churchill. Stochastic Models for Heterogeneous DNA Sequences. Bulletin of Mathematical Biology, 51:79–94, 1989.

[9] J. Clairambault, L. Curzi-Dascalova, F. Kauffmann, C. Médigue, and C. Leffler. Heart rate variability in normal sleeping full-term and preterm neonates. Early Human Developement, 28:169–183, 1992.

[10] A.P. Dempster, N.M. Laird, and D.B. Rubin. Maximum Likelihood from Incomplete Data via the EM Algorithm, (with discussion). Journal of the Royal Statistical Society Series B, 39:1–38, 1977.

[11] P. A. Devijver. Baum’s forward-backward Algorithm Revisited. Pattern Recognition Letters, 3:369–373, 1985.

[12] J.-B. Durand. Modèles à structure cachée : inférence, sélection de modèles et applications. PhD thesis, Université Grenoble 1 - Joseph Fourier, January 2003.

[13] Y. Ephraim and N. Merhav. Hidden Markov processes. IEEE Transactions on Information Theory, 48:1518–1569, June 2002.

[14] C. Fraley and A.E. Raftery. Model-Based Clustering, Discriminant Analysis, and Density Estimation. Journal of the American Statistical Association, 97:611–631, 2002.

[15] E. Gassiat. Likelihood ratio inequalities with application to various mixtures. Annales de l’Institut Henri Poincaré, 38:897–906, 2002.

[16] E. Gassiat and C. Kéribin. The likelihood ratio test for the number of components in a mixture with Markov regime. ESAIM P & S, 4:25–52, 2000.

[17] R.E. Kass and A.E. Raftery. Bayes factors. Journal of the American Statistical Association, 90:773–795, 1995.

[18] C. Kéribin. Consistent estimation of the order of mixture models. Sankhya Series, A 62:49–66, 2000.

[19] G.J. McLachlan and D. Peel. On a resampling approach to choosing the number of components in normal mixture models. In L. Billard and N.I. Fisher, editors, Computing Science and Statistics, volume 28, pages 260–266. Fairfax Station, Virginia: Interface Foundation of North America, 1997.

[20] G.J. McLachlan and D. Peel. Finite Mixture Models. Wiley Series in Probability and Statistics. John Wiley and Sons, 2000.

[21] L.R. Rabiner. A Tutorial on Hidden Markov Models and Selected Applications in Speech Recognition. In Proceedings of the IEEE, volume 77, pages 257–286, February 1989.

[22] R.A. Redner and H.F. Walker. Mixture densities, maximum likelihood and the EM algorithm. SIAM Review, 26(2):195–239, 1984.

[23] B.D. Ripley. Pattern Recognition and Neural Networks. Cambridge University Press, January 1996.

[24] C.P. Robert, G. Celeux, and J. Diebolt. Bayesian estimation of hidden Markov chains:

A stochastic implementation. Statistics and Probability Letters, 16(1):77–83, 1993.

[25] K. Roeder and L. Wasserman. Practical Bayesian Density Estimation Using Mixtures of Normals. Journal of the American Statistical Association, 92(439):894–902, 1997.

[26] G. Schwarz. Estimating the dimension of a model. The Annals of Statistics, 6:461–464, 1978.

[27] P. Smyth. Model selection for probabilistic clustering using cross-validated likelihood.

Statistics and Computing, 10(1):63–72, 2000.

[28] D.J. Spiegelhalter, N.G. Best, B.P. Carlin, and A. van der Linde. Bayesian measures of model complexity and fit (with discussion). Journal of Royal Statistical Society (Series B), 64(4):583–639, 2000.

RR n° 5877

[29] Y. Yang. Can the strengths of AIC and BIC be shared? A conflict between model identification and regression estimation. Biometrika, 92:937–950, 2005.

[30] P. Zhang. Model selection via multifold cross validation. The Annals of Statistics, 21(1):299–313, 1993.

Unité de recherche INRIA Futurs Parc Club Orsay Université - ZAC des Vignes 4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique 615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France) Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France) Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France) Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France) Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)

http://www.inria.fr ISSN 0249-6399