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ABC@A A=\ T cA J=C A>C 6AHKGAD ABC FA FI>?<>A@ FA D <F UAGA> >C< LEK>CIS=A> KFK?C 6A> UK GK
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6ACKC> LKLE 6A> ?K@ GA=@ D I>A AB L<@@A>? <BFKBLA KPAL GA> =>KHA> T p QA>C ? <=@S=<I B<=>
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[ <=@> B<@D K=\ � < U= LA ?@I\ A>C D<IB> LEA@ S= QAB CK@IX FA JK>A T ;<=> F 6A>I@<B> K=>>I
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L<B><DDKCI<B 6AGALC@IS=A =BA X<I> GA> ?K@KD UAC@A> F= D<F UAGA A>CID 6A> T
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Sélection de modèles : choix du nombre d’états cachés

BIC
ICL
Vraisemblance
Demi échantil.

� �� � ( � �
�	 �b
b_ �b �� ��� � �̂ � � �� �b�b � �^
 �` ���_�� � `	��� 
b�b�	
��^b � �� �� � ��
b	 �b� � 
b��`� 	�� ��� �`a b� �` �
`�_ b� 	�`� �b b_ 	 	
`� 
bb � �^
 � b
� b		
b �` ����`
`�_��
`�b� �b_ �
�	 �b
b_ �

5K?? AG<B> S=A G QIBCA@?@ 6ACKCI<B FA> 6ACKC> LKLE 6A> >A JK>A KPKBC C<=C >=@ GA CKJGAK=
F QIBCAB>IC 6A D ACCKBC AB @AGKCI<B GA> =>KHA> AC GA> 6ACKC> LKLE 6A> @A>CK=@ 6A> T cA> D <F UAGA>
GA> ?G=> XKLIGAD ABC IBCA@?@ 6ACKJGA> Z F= ?<IBC FA P=A FA GK D I>A AB @AGKCI<B FA> =>KHA>
AC FA> 6ACKC> LKLE 6A> Z ><BC LA=\ S=I D K\ID I>ABC G Q 6ALK@C UK G QIBF 6A? ABFKBLA ABC@A LA> FA=\XKLCA=@> T cA CKJGAK= F QIBCAB>IC 6A F 6A? ABF FA GK PKGA=@ FA � � B<=> LKGL=G<B> G QIBFILA
FA>L@I?CIX F= � � B<@D KGI> 6A � �� Y� ] ? <=@ LEKL=BA F QABC@A AGGA> T pAC IBFILA D A>=@KBCG Q 6ALK@C FA> F<BB 6AA> UK G QIBF 6A? ABFKBLA P I>W UKWP I> FA> F<=�A =>KHA> AC FA> � 6ACKC> Z G QIF 6AA
A>C FA > 6AGALCI<BBA@ GA D<F UAGA Y��b� GK PKGA=@ FA � ] S=I GA D K\ID I>A T cK dH=@A ��
@A?@ 6A>ABCA LAC IBFILA AB X<BLCI<B FA � Z B<B >A=GAD ABC ?<=@ GA> PKGA=@> FA � ABC@A �
AC �� DKI> K=>>I Z ? <=@ IBX<@D KCI<B Z ?<=@ FA> PKGA=@> L<D?@I>A> ABC@A � AC # T

 0

 5e−07

 1e−06

 1.5e−06

 2e−06

 2.5e−06

 2  4  6  8  10  12

P
h
i−

2

�����	 
 � �	
�
� ���� �	� 
� ��
 �	�	

� �� � �� � � ��� ���b �^ � � � �
� ` ��_ 
b b� � �� �	��� �^ � �� 	
b � � 
b	`	_ �`�� 
b_ �

cK L<=@J A FA GK dH=@A �� L<BF=IC UK @A[ ACA@ GA> D<F UAGA> GA> ?G=> L<D?GA\A> T q=W
C@AD ABC FIC Z G QK=HD ABCKCI<B F= B<DJ@A F Q 6ACKC> LKLE 6A> @ABF ?G=> FIe LIGA GA=@ IBW
CA@?@ 6ACKCI<B P I>W UKWP I> FA> =>KHA> T pALI A>C IGG=>C@ 6A ?K@ GA> @ 6A>=GCKC> FA G QKBKGR>A XKLC<W
@IAGGA FA> L<@@A>?<BFKBLA> ? <=@ =B D<F UAGA UK FI\ 6ACKC> LKLE 6A> YdH=@A ��] Z ?@ 6A>ABC 6A>
UK CIC@A FA L<D?K@KI><B KPAL GK dH=@A # T q G<@> S=A GA> L<BLG=>I<B> 6AB<BL 6AA> FKB> GK

�#



?K@CIA " T BA ><BC ?K> D<FId 6AA> Z G QIBCA@?@ 6ACKCI<B FA> 6ACKC> A>C @ABF=A ?G=> FIe LIGA ?K@
GA=@ ?G=> H@KBF B<DJ@A T

−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

 C08

 C06

 C04

 C09

 C07

 C03

 C01

 C05

 C10

 C02

 ECL

 ECS

 FRD

   H

  LL

 CUI

  LV

  NH

  SL

 TVH

 CHA

 AUT

Représentation sur les axes 1 et 2

Axe 1

A
xe

 2

lignes
colonnes

� �� � �� � � b� 
 
b_ b� 	`	��� �b_ 
b	`	_ b	 �b_ ^_`a b_ �`�_ �b � 
b� �b
 � �`� � 
�� ���` � �b
� ���� �� �� �b�b �̀ �� 
b	`	_ �`�� 
b_�

;<=> ><DDA> L<BF=IC> Z AB =CIGI>KBC GA L@IC UA@A F= � � B<@D KGI> 6A Z UK KLLA?CA@ =B
D<F UAGA C@IP IKG UK FA=\ 6ACKC> LKLE 6A> Z <??<>KBC GA> L<B><DDKCI<B> XKIJ GA> AC GA> L<B><D W
D KCI<B> 6AGAP 6AA> � S=I A>C AVALCIPAD ABC GA ?G=> XKLIGAD ABC IBCA@?@ 6ACKJGA TTT : KI> LA>
L@IC UA@A> BA CIABBABC ?K> L<D?CA FA G QKF 6AS=KCI<B ABC@A GA D<F UAGA AC GA> F<BB 6AA> Z LA? ABW
FKBC A>>ABCIAGGA ?<=@ GK PKGIF IC 6A FA G QIBX 6A@ABLA AC FA G QKBKGR>A FA> L<=@J A> FA L<B><D W
D KCI<B 6AGALC@IS=A UK ?K@CI@ F= D<F UAGA T cK > 6AGALCI<B FA D<F UAGA> BA ? A=C F<BL >A XKI@A
AB =CIGI>KBC LA> L@IC UA@A> >A=G> T 7B F 6AdBICIPA Z B<=> =CIGI><B> GA D<F UAGA GA ?G=> >ID ?GA
?K@D I LA=\ > 6AGALCI<BB 6A> ?K@ GA> A\? A@C> Z ? <=@ S=A G QIBCA@?@ 6ACKCI<B FA> 6ACKC> LKLE 6A>
><IC GK ?G=> XKLIGA ?<>>IJGA Z ><IC =B D<F UAGA KPAL � $ � T

� � ��������	 �
 �������
����

rIAB S=A GA> LEKMNBA> FA :K@O<P LKLE 6AA> L<B>CIC=ABC =B D<F UAGA C@ UA> >ID ?GId 6A FA GK
L<B><DDKCI<B 6AGALC@IS=A Z P= GA> F<BB 6AA> FI>?<BIJGA> Z AGGA> <BC =B IBC 6A@ MAC ID?<@CKBC Z
F= ?<IBC FA P=A FA G QIBCA@?@ 6ACKCI<B FA> 6ACKC> LKLE 6A> AB CA@D A> FA BIPAK=\ FA L<B><D W
D KCI<B 6AGALC@IS=A � FA ?G=> Z LA> BIPAK=\ ?A=PABC MAC@A D I> AB @AGKCI<B KPAL GA> =>KHA>
FI>? <BIJGA> ?K@ =B CKJGAK= F QIBCAB>IC 6A T �B AB F 6AF=IC =BA D 6ACE<FA ?<=@ G QA>CID KCI<B
FA> =>KHA> T

� �� � �
�
�� ��� �
 ��� �
�
�
pA DKBS=A FA @ 6AKGI>D A FA> LEKMNBA> FA :K@O<P LKLE 6AA> Z KIB>I S=A GA B<DJ@A L<BW

>IF 6A@KJGA FA F<BB 6AA> Z @ABF IB<? 6A@KBCA GK > 6AGALCI<B ?K@ GA> L@IC UA@A> LGK>>IS=A> YL<DDAr �p Z �pc AC GK PKGIFKCI<B L@<I> 6AA] Z F Q=B D<F UAGA UK GK X<I> ?K@LID<BIA=\ AC IBCA@?@ 6ACKJGA T
p GKI@AD ABC Z GK D 6ACE<FA @ACAB=A AB F 6AdBICIPA ?<=@ LE<I>I@ =B D<F UAGA B QA>C ?K> C@ UA>
>KCI>XKI>KBCA � AGGA @APIABC UK F 6ACA@D IBA@ Z FA D KBIUA@A `� � ��Z =B D<F UAGA @ 6AKGI>KBC =B J<B
L<D?@<D I> ABC@A G QKF 6AS=KCI<B K=\ F<BB 6AA> AC G QIBCA@?@ 6ACKCI<B T �G >A@KIC ><=EKICKJGA FA
? <=P<I@ S=KBCIdA@ LA L<D?@<D I> Z LA S=I ? <=@@KIC MAC@A XKIC ?K@ =B L@IC UA@A > 6AGALCI<BBKBC
=B D<F UAGA FA :K@O<P LKLE 6A L<BF=I>KBC UK =BA LGK>>IdLKCI<B >CKJGA FA> F<BB 6AA> T 9BA
?<>>IJ IGIC 6A FA F 6AdBI@ =B L@IC UA@A FA LACCA BKC=@A FKB> GA LK> < U= =BA ?K@CICI<B FA>

��



IB>CKBC> A>C FI>?<BIJGA Z LEKS=A LGK>>A 6ACKBC K>><LI 6A UK G Q=CIGI>KCI<B F Q=B =>KHA Y<= F Q=B
CR? A F Q=>KHA>] F<D IBKBC A>C F 6AL@ICA FKB> �=@KBF Y��� ] T
c QK??GILKCI<B FA LA CR? A F QK??@< LEA UK B<C@A ?@<JGUAD A FA > 6AGALCI<B FA D<F UAGA> ?K>>A

?K@ GA LE<I\ F Q=BA ?K@CICI<B K ?@I<@I FA> F<BB 6AA> <J>A@P 6AA> T cA> LGK>>A> F Q=BA CAGGA
?K@CICI<B ? <=@@KIABC MAC@A K>><LI 6A> UK =B =>KHA <= UK CR?A F Q=>KHA> F<D IBKBC ? ABFKBC
=BA ? 6A@I<FA F<BB 6AA T

� �' ���
������ �� ��� �
�

c QK??@<LEA ?@ 6A>ABC 6AA K L<B>I>C 6A Z FKB> =B ?@AD IA@ CAD?> Z UK A>CID A@ AC >=??@ID A@

GA> AVAC> d\A> YCK@IX Z D <I> Z ?=I>>KBLA Z EA=@A] ?K@ =BA KBKGR>A FA PK@IKBLA F<BC GA>
ER?<CE UA>A> BA ><BC ?K> P 6A@Id 6AA> YB<B B<@D KGIC 6A AC F 6A? ABFKBLA FA> @ 6A>IF=>] T �=I> GA>
@ 6A>IF=> ><BC D<F 6AGI> 6A> ?K@ =BA LEKMNBA FA :K@O<P LKLE 6AA ?<=@ ?@ABF@A AB L<D?CA
GK F 6A? ABFKBLA @ 6A>IF=AGGA YER?<CE UA>A FA :K@O<P >=@ GK LEKMNBA LKLE 6AA] AC GK B<B B<@W
D KGIC 6A YER?<CE UA>A F Q=BA G<I FA D 6AGKBHA] T q IB>I GA> 6ACKC> LKLE 6A> PI>ABC UK D<F 6AGI>A@
GA> CABFKBLA> B<B ?@I>A> AB L<D?CA ?K@ GA> AVAC> d\A> F= XKIC S=A B<=> C@KPKIGG<B>
<@CE<H<BKGAD ABC UK LA> AVAC> T

� QK=C@A> K??@< LEA> ?<=@@KIABC K=C<@I>A@ G QKBKGR>A L<B[ <IBCA FA> AVAC> d\A> AC FA>
6ACKC> LKLE 6A> AB >A JK>KBC >=@ FA> D <F UAGA> D K@O<PIAB> FA LEKBHAD ABC FA @ 6AHID A T 9B
CAG D <F UAGA ? A=C ?K@ A\AD?GA MAC@A F 6AdBI L<DDA >=IC �

� Y
 � ]� A>C =BA LEKMNBA FA :K@O<P LKLE 6AA �
� L<BFICI<BBAGGAD ABC UK 
 � $ � Z G<H Y� � ] >=IC =BA G<I B<@D KGA � Y!�  !  #  "  � � � �� ] Z < U=?K@ A\AD?GA !�  !  #  "  � $ %� & ' �

� & ( !
� & ) #

� & *"� & + #  �
� �

� >KLEKBC �
 � $ �� �� Z GA> YG<H Y� � ]]� ><BC L<BFICI<BBAGGAD ABC IBF 6A? ABFKBC> Tq IB>I Z GA> 6ACKC> LKLE 6A> ><BC ILI F 6ACA@D IB 6A> L<B[ <IBCAD ABC ?K@ GK L<B><DDKCI<B 6AGALW
C@IS=A HG<JKGA AC ?K@ GA> XKLCA=@> L<BC@ M<G 6A> T �B ?A=C 6AHKGAD ABC ABPI>KHA@ FA> D <F UAGA>
< U= GA> 6ACKC> LKLE 6A> K=@KIABC =BA >IHBIdLKCI<B FIV 6A@ABCA >=IPKBC GA X<RA@ YAVAC L<BC@ M<G 6A
KRKBC 6APABC=AGGAD ABC =BA IBLIFABLA >=@ GK PK@IKBLA] <= >=IPKBC =B CR? A FA X<RA@ Z
6AHKGAD ABC LKLE 6A T �G > QKHI@KIC KG<@> F Q=B D 6AGKBHA FA> D <F UAGA> LIWFA>>=> T s<=> LA>
D <F UAGA> ><BC ?G=> @ILEA> S=A LAG= I S=A B<=> KP<B> =CIGI> 6A Z D KI> ?G=> FIe LIGA> UK A>W
CID A@ FA D KBIUA@A dKJGA AC K=>>I UK IBCA@?@ 6ACA@ T

� G=> >ID?GAD ABC Z IG A>C ? <>>IJ GA Z FKB> =B 6ACKC F QA>?@IC A\?G<@KC<I@A Z F QAVALC=A@
=BA KBKGR>A XKLC<@IAGGA Yqvp <= qp� ] FA> L<=@J A> FA L<B><DDKCI<B Z >=IP IA F Q=BA
LGK>>IdLKCI<B Z ?=I> F QIFABCIdA@ =B D<F UAGA ? <=@ LEKS=A LGK>>A @ACAB=A Z LACCA KBKGR>A
XKLC<@IAGGA AC LACCA LGK>>IdLKCI<B ?<=PKBC 6AHKGAD ABC >A XKI@A >=@ GA> @ 6A>IF=> FA G QKBKGR>A
FA PK@IKBLA T


 
�
���
�
���
cA> K=CA=@> @AD A@LIABC GA p<D IC 6A FA 5 6AFKLCI<B FA GK 5AP=A FA 8CKCI>CIS=A q?W

?GIS= 6AA ?<=@ >A> @AD K@S=A> AC >=HHA>CI<B> L<BLA@BKBC LAC K@CILGA T

� �� � ����	���

��� rK=D Z c T7 TZ �AC@IA Z s TZ 8<=GA> Z 2 T AC tAI>> Z ; T � q :K\ ID I�KCI<B sALEBIS=A
� LL=@@IBH IB CEA 8CKCI>CILKG qBKGR>I> <X � @<JKJIGI>CIL v=BLCI<B> <X : K@O<P LEKIB> T-� b �� �` �_ �� , `	� b� `	��` � � 	`	�_ 	��_Z P<G T ! �Z B��Z �(�� Z ?? T �#!� ���T

��



��� rIA@BKLOI Z p TZ pAGA=\ Z 2 T AC 2<PKA@C Z 2 T � q>>A>>IBH K : I\C=@A :<FAG X<@ pG=>W
CA@IBH u ICE CEA �BCAH@KCAF p<D?GACAF cIOAGIE<<F T ���� -
`�_`�	���_ �� � `		b
�
��` ��_ �_ `� � , `�� �� b �� 	b� ��a b� �bZ P<G T �� Z B�� Z ����Z ?? T ��(� ��" T

� � pAGA=\ Z 2 T AC �=@KBF Z � TWr T � pE<<>IBH CEA <@FA@ <X K EIFFAB :K@O<P LEKIB
CE@<=HE L@<>>WPKGIFKCAF GIOAGIE<<F T �� � � ��� _ 	`	���� � � b
��� �� � �b� `a� b� Z �!W
�� K< M=C ���� T

�!� � API[ PA@ Z � T q T � rK=D Q> X<@uK@FWJKLOuK@F q GH<@ICED 5API>ICAF T � `		b
� � b���
a� �	��� �b		b
_Z P<G T  Z �(�" Z ?? T  #(� � T

�"� �=@KBF Z �AKBWrK?CI>CA T � , �� �b�b_ �̀ _ 	
^ �	^
b �`�� 
bb � ��� 
b
b� �b� _ 
b�b�	��� �b
� �� �b�b_ b	 `�� ���`	���_T � sE UA>A FA F<LC<@KC Z 9BIPA@>IC 6A 2 @AB<JGA � W �<>A?E
v<=@IA@ Z X 6AP@IA@ ��� T

�#� v<@BAR �@ TZ 2 T� T � sEA � ICA@JI q GH<@ICED T �� � � 
��bb���a_ �� 	� b ���� Z D K@>
�(� Z ?? T �#�� ��� T

��� � K>> Z 5 T7 T AC 5KXCA@RZ q T7 T � rKRA> XKLC<@> T ��^
�` � �� 	� b �� b
��`� � 	`	�_ 	��` �
� __���`	��� Z P<G T (� Z B�! � Z �((" Z ?? T �� � �(" T

��� cAJK@C Z c TZ :<@IBAK= Z q T AC � I@<B Z : T � � 	`	�_ 	��^ b b�� ��
`	 ��
b � ^ �	���� b�_ ��� �
� b� �bT � �=B<F Z �((" T

�(


