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W

eib
u
ll

tail-d
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u
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s.

2.
K

ern
el

estim
ators

of
th

e
W

eib
u
ll

tail-coeffi
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3.
B

ias-red
u
ced

estim
ator

of
th

e
W

eib
u
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tail-coeffi
cient.

4.
E
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e
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S
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u
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d
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N
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d
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d
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W
eib

u
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istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

1.
W

eib
u
ll

tail-d
istrib

u
tion

s.

L
et

X
1 ,X

2 ,...,X
n

b
e

a
sequ

en
ce

of
in

d
ep

en
d
ent

an
d

id
entically

d
istrib

u
ted

ran
d
om

variab
les

w
ith

cu
m

u
lative

d
istrib

u
tion

fu
n
ction

F
su

ch
th

at

(A
1
)

1
−

F
(x

)
=

exp
(−

H
(x

)),
H

−
1(t)

=
in

f{
x
,

H
(x

)
≥

t}
=

t
θℓ(t),

w
h
ere

•
θ

>
0

is
th

e
W

eib
u
ll

tail-coeffi
cient,

•
ℓ

is
a

slow
ly

varyin
g

fu
n
ction

i.e.

ℓ(λ
x
)/ℓ(x

)
→

1
as

x
→

∞
for

all
λ

>
0.

T
h
e

inverse
failu

re
rate

fu
n
ction

H
−

1
is

said
to

b
e

regu
larly

varyin
g

at
in

fi
n
ity

w
ith

in
d
ex

θ
an

d
th

is
p
rop

erty
is

d
en

oted
by

H
−

1
∈
R

θ .
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r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

In
th

e
follow

in
g,

w
e

also
assu

m
e

a
secon

d
ord

er
con

d
ition

on
ℓ:

(A
2
)

T
h
ere

exist
ρ
≤

0
an

d
b(x

)
→

0
su

ch
th

at
u
n
iform

ly
locally

on
λ
≥

1

log (
ℓ(λ

x
)

ℓ(x
)

)
∼

b(x
)K

ρ (λ
),

w
h
en

x
→

∞
,

w
ith

K
ρ (λ

)
=

∫
λ

1

u
ρ−

1d
u
.

It
can

b
e

sh
ow

n
th

at
n
ecessarily

|b|
∈
R

ρ .
T

h
e

secon
d

ord
er

p
aram

eter
ρ
≤

0
tu

n
es

th
e

rate
of

convergen
ce

of
ℓ(λ

x
)/ℓ(x

)
to

1.
T

h
e

closer
ρ

is
to

0,
th

e
slow

er
is

th
e

convergen
ce.
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W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

E
xam

p
les:

θ
ℓ(x

)
b(x

)
ρ

A
b
solu

te
G

au
ssian

|N
|(µ

,σ
2)

1/2
2

1/2σ
−

σ2
3/2

log
x

x
+

O
(1/x

)
14

log
x

x
−

1

G
am

m
a

Γ
(α

6=
1,β

)
1

1β
+

α
−

1

β

log
x

x
+

O
(1/x

)
(1

−
α

) log
x

x
−

1

W
eib

u
ll
W

(α
,λ

)
1/α

λ
0

−
∞

R
elated

w
ork:

B
erred

(1991),
B

ron
iatow

ski
(1993),

B
eirlant,

B
ron

iatow
ski,

T
eu

gels,

V
yn

ckier,
(1995),

B
eirlant,

B
ou

qu
iau

x,
W

erker
(2006).
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S
ta

tistica
l
in

feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

2.
K

ern
el

estim
ators

of
th

e
W

eib
u
ll

tail-coeffi
cient.

P
rin

cip
le:

O
u
r

ap
p
roach

is
b
ased

on
th

e
follow

in
g

ap
p
roxim

ation
.

D
en

otin
g

by
q(t)

th
e

qu
antile

fu
n
ctionq(t)

=
F

−
1(1

−
t)

=
H

−
1(log(1/t))

=
(log(1/t))

θℓ(log(1/t)),

w
e

ob
tain

for
t

an
d

s
sm

all:

log(q(t))
−

log(q(s))
=

θ(log
2
(1/t)

−
log

2
(1/s))

+
log (

ℓ(log(1/t))

ℓ(log(1/s)) )

≃
θ(log

2
(1/t)

−
log

2
(1/s)),

(1)

w
h
ere

log
2
(x

)
=

log
log(x

)
an

d
sin

ce
ℓ
∈
R

0 .
C

on
sid

erin
g

t
=

i/n
,
s

=
k

n /n
an

d

rep
lacin

g
F

by
its

em
p
irical

cou
nterp

art
yield

log(X
n
−

i+
1,n )

−
log(X

n
−

k
n
+

1,n )
≃

θ(log
2
(n

/i)
−

log
2
(n

/k
n )),

for
i

=
1,...,k

n
−

1
an

d
w

h
ere

k
n

is
an

interm
ed

iate
sequ

en
ce.
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S
ta

tistica
l
in

feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

O
u
r

m
eth

od
:

E
stim

ation
via

lin
ear

com
b
in

ation
of

u
p
p
er

ord
er

statistics.

θ̂
n (α

)
=

k
n
−

1
∑i=

1

α
i,n (log(X

n
−

i+
1,n )

−
log(X

n
−

k
n
+

1,n )) /
k
n
−

1
∑i=

1

α
i,n (log

2
(n

/i)
−

log
2
(n

/k
n ))

,

w
h
ere

•
α

i,n
=

W
(i/k

n )
+

ε
i,n ,

•
ε
i,n ,

i
=

1,...,k
n
−

1
is

a
n
on

-ran
d
om

sequ
en

ce,
an

d

•
W

:
[0,1]

→
R

is
a

sm
ooth

score
fu

n
ction

,
verifyin

g

(A
3
)

W
h
as

a
continu

ou
s

d
erivative

W
′
on

(0,1),

(A
4
)

T
h
ere

exist
M

>
0,

0
≤

q
<

1/2
an

d
p

<
1

su
ch

th
at,

for
all

x
∈

(0,1):

|W
(x

)|
≤

M
x
−

q
an

d
|W

′(x
)|
≤

M
x
−

p−
q.
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r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

A
sym

p
totic

n
orm

ality:
S
u
p
p
ose

(A
1
)–(A

4
)

h
old

.
T

h
en

k
1/2
n

(θ̂
n (α

)
−

θ)
d→
N

(0,σ
2(θ,W

)),

for
any

sequ
en

ce
(k

n )
satisfyin

g
k

n
→

∞
an

d

k
1/2
n

m
ax{

b(log(n
/k

n )),1/
log(n

/k
n ),‖

ε‖
n
,∞
}
→

0,

w
h
ere

w
e

h
ave

d
efi

n
ed

:

‖
ε‖

n
,∞

=
m

ax
i=

1,...,k
n
−

1 |ε
i,n |,

µ
(W

)
=

∫
1

0

W
(x

)
log(1/x

)d
x
,

σ
2(W

)
=

∫
1

0

∫
1

0

W
(x

)W
(y

) m
in(x

,y
)(1

−
m

ax(x
,y

))

x
y

d
x
d
y
,

σ
(θ,W

)
=

θ
σ
(W

)

µ
(W

) .
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l
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fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

E
xam

p
le

1.
C

on
stant

w
eights

α
i,n

=
1

for
all

i
=

1,...,k
n
−

1
yield

an
existin

g
estim

ator

(G
irard

,
2004):

θ̂
Gn

=

k
n
−

1
∑i=

1

(log(X
n
−

i+
1,n )

−
log(X

n
−

k
n
+

1,n )) /
k
n
−

1
∑i=

1

(log
2
(n

/i)
−

log
2
(n

/k
n ))

.

W
e

fou
n
d

b
ack

th
e

sam
e

lim
itin

g
resu

lt:
If

(A
1
)

an
d

(A
2
)

h
old

th
en

k
1/2
n

(θ̂
Gn
−

θ)
d→
N

(0,θ
2),

for
any

sequ
en

ce
(k

n )
satisfyin

g
k

n
→

∞
an

d

k
1/2
n

m
ax{

b(log(n
/k

n )),1/
log(n

/k
n )}

→
0.
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W
eib

u
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ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

E
xam

p
le

2:
A

n
ew

estim
ator

of
th

e
W

eib
u
ll

tail-coeffi
cient

b
ased

on
a

Q
Q

-p
lot.

•
D

raw
in

g
th

e
p
airs

(log
2
(n

/i)
,log

(X
n
−

i+
1,n ))

for
i

=
1,...,k

n
gives

a
grap

h
w

h
ich

is

ap
p
roxim

atively
lin

ear
(w

ith
slop

e
θ).

•
E

xam
p
le

:
|N

|(0,1)
d
istrib

u
tion

,
n

=
500,

k
n

=
100.
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fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

•
θ̂

Zn
is

th
e

least
squ

are
estim

ator
of

θ
b
ased

on
th

e
k

n
largest

ob
servation

s:

θ̂
Zn

=

k
n
−

1
∑i=

1

(log
2
(n

/i)
−

τ
n )

log(X
n
−

i+
1,n ) /

k
n
−

1
∑i=

1

(log
2
(n

/i)
−

τ
n )

log
2
(n

/i)
,

w
h
ere

τ
n

=
1

k
n
−

1

k
n
−

1
∑i=

1

log
2
(n

/i)
.

•
S
im

ilar
to

th
e

Z
ip

f
estim

ator
for

th
e

extrem
e

valu
e

in
d
ex

p
rop

osed
by

K
ratz,

R
esn

ick

(1996)
an

d
S
chu

ltze,
S
tein

eb
ach

(1996).

•
P
articu

lar
case

of
θ̂
n (α

)
w

ith
W

(x
)

=
−

(log(x
)
+

1).
T

hu
s,

u
n
d
er

(A
1
)

an
d

(A
2
),

k
1/2
n

(θ̂
Zn
−

θ)
d→
N

(0,2θ
2),

for
any

sequ
en

ce
(k

n )
satisfyin

g
k

n
→

∞
an

d

k
1/2
n

m
ax{

b(log(n
/k

n )),log
2(k

n )/
log(n

/k
n )}

→
0.

S
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n
e

G
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1
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S
ta

tistica
l
in

feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

3.
B

ias-red
u
ced

estim
ator

of
th

e
W

eib
u
ll

tail-coeffi
cient.

P
rin

cip
le:

W
e

focu
s

on
th

e
case

w
h
ere

th
e

convergen
ce

in
(A

2
)

is
slow

,
i.e.

(A
5
)

x
|b(x

)|
→

∞
as

x
→

∞
.

L
et

u
s

n
ote

th
at

th
is

con
d
ition

im
p
lies

ρ
≥

−
1.

G
am

m
a

an
d

(ab
solu

te)
G

au
ssian

d
istrib

u
tion

fu
lfi

ll
(A

5
)

w
h
ereas

W
eib

u
ll

d
istrib

u
tion

d
o

n
ot.

C
on

d
ition

(A
2
)

can
b
e

u
sed

to
p
recise

ap
p
roxim

ation
(1):

log(q(t))
−

log(q(s))
=

θ(log
2
(1/t)

−
log

2
(1/s))

+
b(log(1/s))K

ρ (
log(1/t)

log(1/s) )
(1

+
o(1)).

(2)
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1
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S
ta

tistica
l
in

feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

E
xp

on
ential

regression
m

od
els:

•
D

efi
n
e

Z
i
=

i
log(n

/i)(log
X

n
−

i+
1,n

−
log

X
n
−

i,n ),
i

=
1,...,k

n .
T

h
en

,
u
n
d
er

(A
1
),

(A
2
),

(A
5
),

su
p

1≤
i≤

k
n ∣∣∣∣ Z

i −

(
θ

+
b(log(n

/k
n )) (

log(n
/i)

log(n
/k

n ) )
ρ )

f
i ∣∣∣∣

=
o

P
(b(log(n

/k
n )))

,
(3)

for
any

sequ
en

ce
(k

n )
su

ch
th

at
k

n
→

∞
an

d
log

k
n /

log
n
→

0,
an

d
w

h
ere

(f
1 ,...,f

k
n )

is
a

vector
of

in
d
ep

en
d
ent

an
d

stan
d
ard

exp
on

entially
d
istrib

u
ted

ran
d
om

variab
les.

•
S
im

ilar
to

th
e

on
es

p
rop

osed
by

B
eirlant,

D
ierckx,

G
oegeb

eu
r,

M
atthys

(1999),

F
eu

erverger,
H

all
(1999)

an
d

B
eirlant,

D
ierckx,

G
u
illou

,
S
tarica

(2002)
in

th
e

case
of

P
areto-typ

e
d
istrib

u
tion

s.

•
O

n
e

can
p
lu

g
th

e
can

on
ical

ch
oice

ρ
=
−

1
in

th
e

regression
m

od
el

(3)
w

ith
ou

t

p
ertu

rb
in

g
th

e
ap

p
roxim

ation
so

th
at

su
p

1≤
i≤

k
n ∣∣∣∣ Z

i −

(
θ

+
b(log(n

/k
n )) log(n

/k
n )

log(n
/i)

)
f

i ∣∣∣∣
=

o
P

(b(log(n
/k

n )))
.

(4)

S
tp

h
a
n
e

G
ira

rd
1
3



S
ta

tistica
l
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feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
ille

A
p
p
lication

1:
B

ias-red
u
ced

estim
ator.

E
stim

ation
of

θ
an

d
b(log(n

/k
n ))

by
a

L
east-S

qu
are

m
eth

od
after

su
b
stitu

tin
g

ρ
w

ith
th

e
valu

e
−

1:

θ̂
Rn

=
Z

k
n
−

b̂(log(n
/k

n ))x
k
n ,

b̂(log(n
/k

n ))
=

∑
k
n

i=
1 (x

i −
x

k
n )Z

i
∑

k
n

i=
1 (x

i −
x

k
n )

2
,

(5)

w
h
ere

x
i
=

log(n
/k

n )/
log(n

/i),
x

k
n

=
1k
n ∑

k
n

i=
1
x

i
an

d
Z

k
n

=
1k
n ∑

k
n

i=
1
Z

i .

A
sym

p
totic

n
orm

ality
u
n
d
er

(A
1
),

(A
2
),

(A
5
):

k
1/2
n

log(n
/k

n ) (θ̂
Rn
−

θ)
d→
N

(0,θ
2)

for
any

sequ
en

ce
(k

n )
su

ch
th

at
k

n
→

∞
an

d

k
1/2
n

b(log(n
/k

n ))/
log(n

/k
n )

→
Λ
6=

0.
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S
ta

tistica
l
in

feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es

à
L
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A
p
p
lication

2:
A

d
ap

tive
selection

of
k

n .
A

d
ap

ted
from

M
atthys,

B
eirlant

(2003)
in

th
e

context
of

extrem
e-valu

e
in

d
ex

estim
ation

.
N

eglectin
g

th
e

b
ias

correction
in

(5)
yield

s
th

e

M
axim

u
m

L
ikelih

ood
estim

ator:

θ̂
M

L
n

=
Z

k
n

=
1k
n

k
n
∑i=

1

i
log(n

/i)(log
X

n
−

i+
1,n

−
log

X
n
−

i,n ).

F
rom

(4),
th

e
A

sym
p
totic

M
ean

S
qu

ared
E

rror
(A

M
S
E

)
associated

to
θ̂

M
L

n
is

given
by

A
M

S
E

(θ̂
M

L
n

)
=

θ
2

k
n

+

(

b(log(n
/k

n ))
1k
n

k
n
∑i=

1

log(n
/k

n )

log(n
/i)

)
2

,

an
d

can
b
e

estim
ated

by

Â
M

S
E

(θ̂
M

L
n

)
=

(θ̂
Rn
)
2

k
n

+

(

b̂(log(n
/k

n ))
1k
n

k
n
∑i=

1

log(n
/k

n )

log(n
/i)

)
2

.

T
h
e

m
in

im
ization

of
Â

M
S
E

(θ̂
M

L
n

)
w

ith
resp

ect
to

k
n

gives
rise

to
an

ad
ap

tive
selection

p
roced

u
re.
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J
o
u
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L
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4.
E

stim
ation

of
extrem

e
qu

antiles.

P
rin

cip
le:

A
n

extrem
e

qu
antile

x
p
n

of
ord

er
p

n
<

1/n
is

d
efi

n
ed

by:

1
−

F
(x

p
n )

=
p

n .

R
ecall

th
at,

for
sm

all
t

an
d

s

q(t)

q(s)
=

H
−

1(log(1/t))

H
−

1(log(1/s))
=

(
log(1/t)

log(1/s) )
θ
ℓ(log(1/t))

ℓ(log(1/s))
≃

(
log(1/t)

log(1/s) )
θ

.

C
on

sid
erin

g
t

=
p

n ,
s

=
k

n /n
,
rep

lacin
g

F
by

its
em

p
irical

cou
nterp

art
an

d
θ

by
an

estim
ator

θ̂
n

yield
th

e
follow

in
g

estim
ator

x̂
p
n (θ̂

n )
=

X
n
−

k
n
+

1,n (
log(1/p

n )

log(n
/k

n ) )
θ̂
n

=
X

n
−

k
n
+

1,n
exp (

θ̂
n

log
τ
n )

,

w
h
ere

w
e

h
ave

d
efi

n
ed

τ
n

=
log(1/p

n )/log(n
/k

n ).

S
tp

h
a
n
e

G
ira

rd
1
6



S
ta

tistica
l
in

feren
ce

fo
r

W
eib

u
ll

ta
il-d

istrib
u
tio

n
s

J
o
u
rn
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A
sym

p
totic

n
orm

ality:
B

ased
on

th
e

follow
in

g
resu

lt
(G

ard
es,

G
irard

,
2005).

S
u
p
p
ose

(A
1
)

an
d

(A
2
)

h
old

.
If

m
orever

1
≤

lim
in

f
τ
n
≤

lim
su

p
τ
n

<
∞

,

an
d

k
1/2
n

(θ̂
n
−

θ)
d→
N

(0,σ
2),

th
en

log(n
/k

n )k
1/2
n

log(k
n /(n

p
n )) (

x̂
p
n (θ̂

n )

x
p
n

−
1 )

d→
N

(0,σ
2),

for
any

sequ
en

ce
(k

n )
satisfyin

g
k

n
→

∞
,

k
n /n

→
0

an
d

k
1/2
n

b(log(n
/k

n ))
→

0.

A
s

a
con

sequ
en

ce,
w

e
ob

tain
th

e
asym

p
totic

n
orm

ality
of

x̂
p
n (θ̂

Gn
),

x̂
p
n (θ̂

Zn
)

an
d

x̂
p
n (θ̂

B
B

T
V

n
)

w
h
ere

θ̂
B

B
T

V

n
=

log(n
/k

n )

X
n
−

k
n
+

1,n

1

k
n
−

1

k
n
−

1
∑i=

1

(X
n
−

i+
1,n

−
X

n
−

k
n
+

1,n )

is
th

e
estim

ator
introd

u
ced

by
B

eirlant,
B

ron
iatow

ski,
T
eu

gels,
V

in
ckier

(1995).
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B
ias-red

u
ced

estim
ator:

B
asin

g
on

th
e

refi
n
ed

ap
p
roxim

ation
(2)

of
log

q(t)
−

log
q(s),

it

is
n
atu

ral
to

introd
u
ce

x̂
Rp
n

=
X

n
−

k
n
+

1,n
exp (

θ̂
Rn

log
τ
n

+
b̂(log(n

/k
n ))K

−
1 (τ

n ) )
.

A
sym

p
totic

n
orm

ality
u
n
d
er

(A
1
),

(A
2
),

(A
5
):

k
1/2
n

log(n
/k

n ) (
x̂

Rp
n

x
p
n

−
1 )

d→
N

(Λ
µ
(τ

),θ
2σ

2(τ
))

for
any

sequ
en

ce
(k

n )
su

ch
th

at
k

n
→

∞
,
τ
n
→

τ
>

1
an

d

k
1/2
n

b(log(n
/k

n ))/
log(n

/k
n )

→
Λ
6=

0,

w
h
ere

µ
(τ

)
=

(K
−

1 (τ
)
−

K
ρ (τ

))
an

d
σ

2(τ
)

=
(K

−
1 (τ

)
−

log(τ
))

2
.
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5.
S
im

u
lation

stu
d
y.

•
C

om
p
arison

of
θ̂

Gn
(in

b
lack),

θ̂
Zn

(in
red

),
θ̂

M
L

n
(in

green
)

an
d

θ̂
Rn

(in
b
lu

e)
to

th
e

tru
e

θ

(b
lack

h
orizontal

lin
e).

•
S
im

u
lated

d
istrib

u
tion

s
:

A
b
solu

te
G

au
ssian

|N
|(0,1),

G
am

m
a

Γ
(0.25,1),

Γ
(4,1),

an
d

W
eib

u
ll
W

(4,4),
W

(0.25,0.25).

•
S
am

p
le

size
n

=
500,

k
n
∈
{
2,...,360}

,
100

rep
lication

s.

•
C

om
p
u
tation

of
th

e
m

ean
estim

ate
(H

ill
p
lot,

left
p
an

n
el)

an
d

of
th

e
M

ean
S
qu

are

E
rror

(M
S
E

,
right

p
an

n
el).
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G
am

m
a

Γ
(0.25,1)

−
→

θ
=

1,
b(x

)
>

0

0
50

100
150

200
250

300
350

1.0

1.5

2.0

2.5

0
50

100
150

200
250

300
350

1.0

1.5

2.0

2.5

0
50

100
150

200
250

300
350

1.0

1.5

2.0

2.5

0
50

100
150

200
250

300
350

1.0

1.5

2.0

2.5

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

θ̂
Gn

(in
b
lack),

θ̂
Zn

( in
red

),
θ̂

M
L

n
(in

green
)

an
d

θ̂
Rn

(in
b
lu

e)

S
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h
a
n
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s

J
o
u
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ées
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à
L
ille

G
am

m
a

Γ
(4,1)

−
→

θ
=

1,
b(x

)
<

0

0
50

100
150

200
250

300
350

0.5

0.6

0.7

0.8

0.9

1.0

0
50

100
150

200
250

300
350

0.5

0.6

0.7

0.8

0.9

1.0

0
50

100
150

200
250

300
350

0.5

0.6

0.7

0.8

0.9

1.0

0
50

100
150

200
250

300
350

0.5

0.6

0.7

0.8

0.9

1.0

0
50

100
150

200
250

300
350

0.00

0.05

0.10

0.15

0.20

0.25

0
50

100
150

200
250

300
350

0.00

0.05

0.10

0.15

0.20

0.25

0
50

100
150

200
250

300
350

0.00

0.05

0.10

0.15

0.20

0.25

0
50

100
150

200
250

300
350

0.00

0.05

0.10

0.15

0.20

0.25

θ̂
Gn

(in
b
lack),

θ̂
Zn

( in
red

),
θ̂

M
L

n
(in

green
)

an
d

θ̂
Rn

(in
b
lu

e)
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il-d

istrib
u
tio

n
s

J
o
u
rn

ées
ex

trêm
es
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A
b
solu

te
G

au
ssian

|N
|(0,1)

−
→

θ
=

1/2,
b(x

)
>

0

0
50

100
150

200
250

300
350

0.50

0.55

0.60

0.65

0.70

0.75

0
50

100
150

200
250

300
350

0.50

0.55

0.60

0.65

0.70

0.75

0
50

100
150

200
250

300
350

0.50

0.55

0.60

0.65

0.70

0.75

0
50

100
150

200
250

300
350

0.50

0.55

0.60

0.65

0.70

0.75

0
50

100
150

200
250

300
350

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0
50

100
150

200
250

300
350

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0
50

100
150

200
250

300
350

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0
50

100
150

200
250

300
350

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

θ̂
Gn

(in
b
lack),

θ̂
Zn

( in
red

),
θ̂

M
L

n
(in

green
)

an
d

θ̂
Rn

(in
b
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e)
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J
o
u
rn

ées
ex

trêm
es

à
L
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W
eib

u
ll
W

(4,4)
−
→

θ
=

0.25,
b(x

)
=

0

0
50

100
150

200
250

300
350

0.250

0.252

0.254

0.256

0.258

0
50

100
150

200
250

300
350

0.250

0.252

0.254

0.256

0.258

0
50

100
150

200
250

300
350

0.250

0.252

0.254

0.256

0.258

0
50

100
150

200
250

300
350

0.250

0.252

0.254

0.256

0.258

0
50

100
150

200
250

300
350

0.000

0.002

0.004

0.006

0.008

0
50

100
150

200
250

300
350

0.000

0.002

0.004

0.006

0.008

0
50

100
150

200
250

300
350

0.000

0.002

0.004

0.006

0.008

0
50

100
150

200
250

300
350

0.000

0.002

0.004

0.006

0.008

θ̂
Gn

(in
b
lack),

θ̂
Zn

( in
red

),
θ̂

M
L

n
(in

green
)

an
d

θ̂
Rn

(in
b
lu

e)
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il-d

istrib
u
tio

n
s

J
o
u
rn
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ex
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à
L
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W
eib

u
ll
W

(0.25,0.25)
−
→

θ
=

4,
b(x

)
=

0

0
50

100
150

200
250

300
350

3.80

3.85

3.90

3.95

4.00

4.05

4.10

0
50

100
150

200
250

300
350

3.80

3.85

3.90

3.95

4.00

4.05

4.10

0
50

100
150

200
250

300
350

3.80

3.85

3.90

3.95

4.00

4.05

4.10

0
50

100
150

200
250

300
350

3.80

3.85

3.90

3.95

4.00

4.05

4.10

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

0
50

100
150

200
250

300
350

0.0

0.5

1.0

1.5

2.0

θ̂
Gn
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b
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( in
red
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W
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il-d
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J
o
u
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L
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6.
N

id
d

river
d
ata.

•
154

exceed
an

ces
of

th
e

level
65

m
3s

−
1

by
th

e
river

N
id

d
(Y

orksh
ire,

E
n
glan

d
)

d
u
rin

g

th
e

p
eriod

1934-1969
(35

years).

•
W

id
ely

u
sed

in
extrem

e
valu

e
stu

d
ies

i.e.
H

oskin
g,

W
allis,

W
ood

(1985)
an

d
D

avison
,

S
m

ith
(1990).

•
T

h
e

N
-year

retu
rn

level
is

th
e

w
ater

level
w

h
ich

is
exceed

ed
on

average
on

ce
in

N
years.

0.6
0.8

1.0
1.2

1.4
1.6

4.8 5.0 5.2 5.4 5.6

Q
Q

-p
lot

k̂
n

=
29,

θ̂
M

L
n

≃
0.89,

E
stim

ation
of

th
e

100-year
retu

rn
level:

x̂
p
n (θ̂

M
L

n
)

=
366m

3s
−

1
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S
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W
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u
ll
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istrib
u
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n
s

J
o
u
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ées
ex

trêm
es

à
L
ille

R
eferen

ces

•
L
.
G

ard
es

&
S
.
G

irard
.

E
stim

ation
d
e

qu
antiles

extrêm
es

p
ou

r
les

lois
qu

eu
e

d
e

typ
e

W
eib

u
ll

:
u
n
e

synth
èse

b
ib

liograp
h
iqu

e,
J
o
u
rn

a
l
d
e

la
S
ociété

F
ra

n
ça

ise
d
e

S
ta

tistiqu
e,

154,
98–118,

2013.

•
J.

E
l
M

eth
n
i,

L
.
G

ard
es,

S
.
G

irard
&

A
.
G

u
illou

.
E

stim
ation

of
extrem

e
qu

antiles
from

h
eavy

an
d

light
tailed

d
istrib

u
tion

s,
J
o
u
rn

a
l
o
f
S
ta

tistica
l
P
la

n
n
in

g
a
n
d

In
feren

ce,

142(10),
2735–2747,

2012.

•
L
.
G

ard
es,

S
.
G

irard
&

A
.
G

u
illou

.
W

eib
u
ll

tail-d
istrib

u
tion

s
revisited

:
a

n
ew

look
at

som
e

tail
estim

ators,
J
o
u
rn

a
l
o
f
S
ta

tistica
l
P
la

n
n
in

g
a
n
d

In
feren

ce,
141(1),

429–444,

2011.

•
J.

D
ieb

olt,
L
.
G

ard
es,

S
.
G

irard
&

A
.
G

u
illou

.
B

ias-red
u
ced

extrem
e

qu
antiles

estim
ators

of
W

eib
u
ll-tail

d
istrib

u
tion

s,
J
o
u
rn

a
l
o
f
S
ta

tistica
l
P
la

n
n
in

g
a
n
d

In
feren

ce,
138,

1389–1401,
2008.

•
L
.
G

ard
es

&
S
.
G

irard
.

E
stim

ation
of

th
e

W
eib

u
ll
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