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1.
D

efin
ition

an
d

b
asic

p
rop

erties.

D
e
fi
n
itio

n
.

L
et
I

b
e

th
e

u
n
it

interval.
T

h
e

fam
ily

is
d
efi

n
ed

for
all

(u
,v

)∈
I

2
by,

C
θ,φ (u

,v
)

=
u
v

+
θ[m

ax(u
,v

)]φ
(u

)φ
(v

).

w
h
ere

φ
an

d
θ

are
d
iff

erentiab
le
I
→

IR
fu

n
ction

s
(van

ish
in

g
at

m
ost

on
isolated

p
oints).

T
h
e
o
r
e
m

.
C
θ,φ

is
a

cop
u
la

if
an

d
on

ly
if
φ

an
d
θ

satisfy
th

e
follow

in
g

con
d
ition

s:

•
b
ou

n
d
ary

con
d
ition

s:
φ
(0)

=
0

an
d

(φ
θ)(1)

=
0,

•
θ

is
n
on

in
creasin

g
on
I
,

•
φ
′(u

)(θφ
) ′(v

)≥
−

1
for

all
0≤

u
≤
v
≤

1.

R
e
m

a
r
k
.

T
h
e

fam
ily

can
b
e

sp
lit

in
tw

o
su

b
-fam

ilies
accord

in
g

to
θ(1)

=
0

or
φ
(1)

=
0.
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p
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M
e
a
su

r
e

o
f
a
sso

c
ia

tio
n
.

L
et

(X
,Y

)
a

ran
d
om

p
air

w
ith

joint
d
istrib

u
tion

H
(x
,y

)
=
C

(F
(x

),G
(y

)).
S
p
earm

an
’s

R
h
o:

p
rob

ab
ility

of
con

cord
an

ce
m

inu
s

th
e

p
rob

ab
ility

of
d
iscord

an
ce

of
tw

o
ran

d
om

p
airs

w
ith

resp
ective

joint
cu

m
u
lative

law
C

(F
,G

)
an

d
F
G

.

ρ
=

12 ∫
1

0

∫
1

0

C
(u
,v

)d
u
d
v−

3.

In
th

e
case

of
C

=
C
θ,φ ,

w
e

h
ave

ρ
θ,φ

=
12 [

Φ
2(1)θ(1)−

∫
1

0

Φ
2(t)θ ′(t)d

t ]
,

w
h
ere

Φ
(t)

=
∫
t0
φ
(u

)d
u
.

R
e
m

a
r
k
.

•
If
θ(1)

=
0,

th
en
ρ
θ,φ ≥
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•
If
θ

is
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stant

fu
n
ction

,
th

en
ρ
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=
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2(1).
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p
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n
c
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.

T
h
e

u
p
p
er

tail
d
ep

en
d
en

ce
coeffi

cient
is

d
efi

n
ed

as

λ
=

lim
t→

1
P

(F
(X

)
>
t|G

(Y
)
>
t)

=
lim
u→

1

C̄
(u
,u

)

1−
u
,

w
h
ere

C̄
is

th
e

su
rvival

cop
u
la,

i.e.
C̄

(u
,v

)
=

1−
u
−
v

+
C

(u
,v

).

In
th

e
case

w
h
ere

C
=
C
θ,φ ,

w
e

h
aveλ

θ,φ
=

−
φ

2(1)θ ′(1).

R
e
m

a
r
k
.

•
If
φ
(1)

=
0,

th
en
λ
θ,φ

=
0.

•
If
θ

is
a
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fu
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th

en
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2.
F

irst
su

b
-fam

ily,
th

e
case

θ(1)
=

0.

E
x
a
m

p
le

s.

•
F
réch

et
u
p
p
er

b
ou

n
d
.

C
h
oosin

g
φ
(x

)
=
x

an
d
θ(x

)
=

(1−
x
)/x

yield
s

C
θ,φ (u

,v
)

=
M

(u
,v

)
=

m
in

(u
,v

).

•
In

d
ep

en
d
ent

cop
u
la.

θ(x
)

=
0

yield
s
C
θ,φ (u

,v
)

=
Π

(u
,v

)
=
u
v
.

•
C

u
ad

ras-A
u
gé

fam
ily:

φ
(x

)
=
x

an
d
θ(x

)
=
x
−
α−

1,
0≤

α
≤

1
yield

s

C
θ,φ (u

,v
)

=
m

in
(u
,v

)
α(u

v
)
1−
α

=
M

α(u
,v

)Π
1−
α(u

,v
),

w
h
ich

is
th

e
w

eighted
geom

etric
m

ean
of
M

an
d

Π
.

R
e
m

a
r
k
.

•
θ(1)

=
0

an
d
θ ′(u

)≤
0

im
p
ly
θ(u

)≥
0

for
all
u
∈
I
.

•
0≤

ρ
θ,φ ≤

1
−→

M
od

ellin
g

of
p
ositive

d
ep

en
d
en

ces.

•
L
ow

er
(0)

an
d

u
p
p
er

b
ou

n
d
s

(1)
of
ρ
θ,φ

an
d
λ
θ,φ

are
reach

ed
resp

ectively
by

th
e

Π
an

d

M
cop

u
las.
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m
e
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Y

are
exch

an
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X

an
d
Y
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•
P
ositively

Q
u
ad

rant
D

ep
en

d
ent

(P
Q

D
)

if
P

(X
≤
x
,Y

≤
y
)≥

P
(X

≤
x
)
P

(Y
≤
y
)

for
all

(x
,y

).

•
L
eft

T
ail

D
ecreasin

g
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T
D

)
if

P
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≤
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≤
x
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is
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-in
creasin

g
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x

for
all
y
.
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ight
T
ail
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creasin
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if
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d
ecreasin
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x
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all
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.
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In

creasin
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if
P

(Y
>
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x
)

is
n
on

d
ecreasin

g
in
x

for
all
y
.

•
L
eft
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S
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D
ecreasin

g
(L
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)
if

P
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≤
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n
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-in
creasin

g
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y ′
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all
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•
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ight
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et

In
creasin

g
(R

C
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I)

if
P

(X
>
x
,Y

>
y|X

>
x
′,Y

>
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is
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on

d
ecreasin

g
in
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an
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all
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T
h
e
o
r
e
m

.
X

an
d
Y

are:

•
P

Q
D

iff
φ
(u

)
h
as

a
con

stant
sign

on
I
.

•
L
T

D
or

L
C

S
D

iff
eith

er {
φ
(u

)/u
is

n
on

in
creasin

g
an

d
∀
u
∈
I
,
φ
(u

)≥
0}

or{
φ
(u

)/u

is
n
on

d
ecreasin

g
an

d
∀
u
∈
I
,
φ
(u

)≤
0}

.

•
R

T
I

or
R

C
S
I

iff
φ
(u

)/(1−
u
)

an
d
θ(u

)φ
(u

)/(1−
u
)

are
m

on
oton

e.

•
S
I

iff
eith

er{
φ

an
d
θφ

are
con

cave
an

d
∀
u
∈
I
,
φ
(u

)≥
0}

or{
φ

an
d
θφ

are
convex

an
d
∀
u
∈
I
,
φ
(u

)≤
0}

.

R
C

S
I

L
C

S
D

L
T

D

R
T

I

P
Q

D
S
I

Im
p
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s
in

th
e
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case

P
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D

L
T

D
L
C

S
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R
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I
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S
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p
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3.
S
econ

d
su

b
-fam

ily,
th

e
case

φ
(1)

=
0.

In
th

is
case,

w
e

restrict
ou

rselves
to

a
con

stant
fu

n
ction

θ,
i.e.

θ(x
)

=
θ
∈

[−
1,1].

T
h
e
o
r
e
m

.
C
θ,φ

is
a

cop
u
la

if
an

d
on

ly
if
φ

an
d
θ

satisfy
th

e
follow

in
g

con
d
ition

s:

•
b
ou

n
d
ary

con
d
ition

s:
φ
(0)

=
0

an
d
φ
(1)

=
0,

•
|φ

′(x
)|≤

1
for

all
x
∈
I
,

•
|φ

(x
)|≤

m
in

(x
,1−

x
),

for
all
x
∈
I
.

E
x
a
m

p
le

s.

•
φ
(x

)
=

m
in

(x
,1−

x
):

u
p
p
er

b
ou

n
d

of
th

e
ab

ove
th

eorem
,

•
φ
(x

)
=
x
(1−

x
):

F
arlie-G

u
m

b
el-M

orgen
stern

fam
ily

of
cop

u
las

(M
orgen

stern
,
1956),

w
h
ich

contain
s

all
cop

u
las

w
ith

b
oth

h
orizontal

an
d

vertical
qu

ad
ratic

section
s

(Q
u
esad

a-M
olin

a,
R

od
ŕıgu

ez-L
allen

a,
1995)

•
φ
(x

)
=
x
(1−

x
)(1−

2x
):

sym
m

etric
cop

u
las

w
ith

cu
b
ic

section
s

(N
elsen

et
a
l,

1997),

•
φ
(x

)
=
π
−

1
sin

(π
x
).
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M
e
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su

r
e

o
f
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sso

c
ia

tio
n
.

T
h
e

S
p
earm

an
’s

R
h
o

can
b
e

rew
ritten

as:

ρ
θ,φ

=
12θ (

∫

I

φ
(u

)d
u )

2

,

an
d

it
follow

s
th

at−
3/4≤

ρ
θ,φ ≤

3/4
for

all
θ
∈

[−
1,1].

S
im

ilar
b
ou

n
d
s

h
old

for
th

e

K
en

d
all’s

T
au

:−
1/2≤

τ
θ,φ ≤

1/2.

U
p
p
e
r

ta
il

d
e
p
e
n
d
e
n
c
e
.

ρ
θ,φ

=
0.

D
e
p
e
n
d
e
n
c
e

p
r
o
p
e
r
tie

s.
S
im

ilar
to

th
e

p
reviou

s
fam

ily
in

th
e

case
θ
>

0.
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S
y
m

m
e
tr

y
p
r
o
p
e
r
tie

s:
d
e
fi
n
itio

n
s.

•
X

is
sym

m
etric

ab
ou

t
a

if
(X

−
a
)

an
d

(a−
X

)
are

id
entically

d
istrib

u
ted

(id
).

•
X

an
d
Y

are
exch

an
geab

le
if

(X
,Y

)
an

d
(Y
,X

)
are

id
.

•
(X
,Y

)
is

m
argin

ally
sym

m
etric

ab
ou

t
(a
,b)

if
X

an
d
Y

are
sym

m
etric

ab
ou

t
a

an
d
b

resp
ectively.

•
(X
,Y

)
is

rad
ially

sym
m

etric
ab

ou
t

(a
,b)

if
(X

−
a
,Y

−
b)

an
d

(a−
X
,b−

Y
)

are
id

.

•
(X
,Y

)
is

jointly
sym

m
etric

ab
ou

t
(a
,b)

if
th

e
p
airs

(X
−
a
,Y

−
b),

(a−
X
,b−

Y
),

(X
−
a
,b−

Y
)

an
d

(a−
X
,Y

−
b)

are
id

.

T
h
e
o
r
e
m

.
In

th
e
C
θ,φ

fam
ily:

•
If
X

an
d
Y

are
id

th
en
X

an
d
Y

are
exch

an
geab

le.

B
esid

es,
if

(X
,Y

)
is

m
argin

ally
sym

m
etric

ab
ou

t
(a
,b)

th
en

:

•
(X
,Y

)
is

rad
ially

sym
m

etric
ab

ou
t

(a
,b)

if
an

d
on

ly
if

eith
er∀

u
∈
I
,
φ
(u

)
=
φ
(1−

u
)

or∀
u
∈
I
,
φ
(u

)
=
−
φ
(1−

u
).

•
(X
,Y

)
is

jointly
sym

m
etric

ab
ou

t
(a
,b)

if
an

d
on

ly
if∀

u
∈
I
,
φ
(u

)
=
−
φ
(1−

u
).
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b
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4.
In

feren
ce

p
roced

u
res.

A
ssu

m
p
tio

n
s.

•
W

e
restrict

ou
rselves

to
th

e
secon

d
su

b
-fam

ily,
w

ith
con

stant
fu

n
ction

θ:

C
(u
,v

)
=
u
v

+
θφ

(u
)φ

(v
).

−→
E

stim
ation

of
θ

(scalar)
an

d
φ

(u
n
ivariate

fu
n
ction

).

−→
Id

entifi
ab

ility
p
rob

lem
:

(θ,φ
)

an
d

(α
θ,φ

/ √
α

)
yield

th
e

sam
e

cop
u
la

for
all
α
>

0.

•
W

e
focu

s
on

th
e

P
Q

D
case:

θ
>

0
an

d
φ

h
as

a
con

stant
sign

.

U
n
d
er

th
ese

assu
m

p
tion

s,
th

e
fam

ily
can

b
e

rew
ritten

C
(u
,v

)
=
u
v

+
ψ

(u
)ψ

(v
),

w
h
ere

ψ
(x

)
=

√
θ|φ

(x
)|.

−→
T

h
e

estim
ation

of
C

red
u
ces

to
th

e
estim

ation
of
ψ

(p
ositive

u
n
ivariate

fu
n
ction

).
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f
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te
co

p
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la

s

E
stim

a
tio

n
o
f
ψ

1)
P

r
e
p
r
o
c
e
ssin

g
:

•
{
(x

i ,y
i ),i

=
1,...,n}

a
sam

p
le

of
(X
,Y

)
from

th
e

cd
f
H

(x
,y

)
=
C

(F
(x

),G
(y

)).

•
R

an
k

tran
sform

ation
s:
u
i
=

ran
k(x

i )/n
an

d
v
i
=

ran
k(y

i )/n
.

{
(u

i ,v
i ),i

=
1,...,n}

an
ap

p
roxim

ate
sam

p
le

from
th

e
cop

u
la
C

(u
,v

).

•
P

seu
d
o-ob

servation
s{
w
i
=

m
ax(u

i ,v
i ),i

=
1,...,n}

from
C

(w
,w

)
=
w

2
+
ψ

(w
).

2)
P

r
o
je

c
tio

n
e
stim

a
te

:
lin

ear
com

b
in

ation
of

b
asis

fu
n
ction

s:{
e
k ,
k
≥

1}

ψ̂
(w

)
=
∑k≥

1

a
k e
k (w

),
w

∈
I
.

C
h
oice

of
th

e
set

of
fu

n
ction

s:

•
n
o

orth
ogon

ality
con

d
ition

,

•
b
ou

n
d
ary

con
d
ition

s
e
k (0)

=
e
k (1)

=
0

for
all
k
≥

1
so

th
at
ψ̂

(0)
=
ψ̂

(1)
=

0.
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3)
O

p
tim

iz
a
tio

n
p
r
o
b
le

m
:

D
efi

n
e

•
w

1,n ≤
···≤

w
n
,n ,

th
e

ord
ered

p
seu

d
o-ob

servation
s,

•
M

an
d
M

′
tw

o
m

atrices
M

i,k
=
e
k (w

i,n ),
M

′i,k
=
e ′k (w

i,n ),
k
≥

1,
i∈

{
1,...,n}

,

•
a

an
d
b

tw
o

vectors
b
i
=

(i/(n
+

1)−
w

2i,n )
1/

2,
a
i
u
n
kn

ow
n
,
i∈

{
1,...,n}

.

D
efi

n
ition

of
th

e
estim

ator.

•
ψ̂

(w
i,n )

=
C

(w
i,n ,w

i,n )−
w

2i,n ≃
i/(n

+
1)−

w
2i,n

for
i

=
1,...,n

can
b
e

rew
ritten

m
ina ‖

M
a−

b‖
2,

•
ψ̂

(w
i,n )≥

0
can

b
e

rew
ritten

M
a
≥

0,

•
|ψ̂

(w
i,n )|≤

1
can

b
e

rew
ritten

−
1≤

M
′a

≤
1.

−→
C

on
strain

ed
least-squ

are
p
rob

lem
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E
stim
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tio

n
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S
p
e
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r
m

a
n
’s

r
h
o

R
ecall

th
at

ρ
θ,φ

=
12θ (

∫

I

φ
(u

)d
u )

2

=
12 (

∫

I

ψ
(u

)d
u )

2

.

R
ep

lacin
g
ψ

by
ψ̂

yield
s

th
e

follow
in

g
sem

i-p
aram

etric
estim

ator:

ρ̂
S
P
=

12 (
∑k≥

1

a
k β

k )
2

,

w
h
ere

w
e

h
ave

introd
u
ced

β
k

=
∫
I
e
k (u

)d
u
.

A
n
oth

er
solu

tion
:

ad
ap
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n
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p
aram

etric
estim

ator
of
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K
en

d
all’s

T
au

introd
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ced
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en
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R
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1993)
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P
=
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32
,
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D
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.

T
h
e
α

-qu
antile

of
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e
cop

u
la
C

is
d
efi

n
ed

by

Q
α

=
in

f{
λ
(S

)
:
P

(S
)≥

α
,
S
⊂
I

2}
,

0
<
α
≤

1,

w
h
ere

λ
is

th
e

L
eb

esgu
e

m
easu

re
on
I

2.

P
a
r
titio

n
s.{

I
k ,
k

=
1,...,N

}
b
e

th
e

equ
id

istant
N

-p
artition

of
I
,

K
k
,ℓ

=
I
k ×

I
ℓ

th
e

associated
N

×
N

grid
.

D
en

ote
δ
k
,ℓ ∈

{
0,1}

,
(k
,ℓ)∈

{
1,...,N

}
2.

E
stim

a
to

r
:
Q̂
α

=
⋃k
,ℓ

K
k
,ℓ 1{

δ
k
,ℓ

=
1}
.

O
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tim

iz
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r
o
b
le

m
.
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efi
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N
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=
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N
∑ℓ
=

1

δ
k
,ℓ ,

u
n
d
er

th
e
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straints

δ
k
,ℓ ∈

{
0,1}

an
d

N
∑k

=
1

N
∑ℓ
=

1

δ
k
,ℓ P̂

(K
k
,ℓ )≥

α
,

w
h
ere

P̂
(K

k
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is
an
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th

e
p
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P
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o
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m
.

•
F
irst

step
:

sort
th

e
P̂

(K
k
,ℓ )

in
d
ecreasin

g
ord

er
to

ob
tain

th
e

sequ
en

ce
P̃
τ ,

τ
=

1,...,N
2.

•
S
econ

d
step

:
C

om
p
u
tation

of
th

e
nu

m
b
er

of
su

b
sets

of
th

e
p
artition

:

J
=

m
in {

j,

j
∑τ

=
1

P̃
τ ≥

α }
.

•
T

h
ird

step
:

selection
of

th
e
J

fi
rst

su
b
sets:

δ
k
,ℓ

=
1

if
1≤

τ
(k
,ℓ)≤

J
,

E
stim

a
tio

n
o
f
P

(K
k
,ℓ ).

T
w

o
solu

tion
s:

•
S
em

i-p
aram

etric
estim

ate
b
ased

on
ψ̂

P̂
S
P (K

k
,ℓ )

=
1N

2
+

(
ψ̂

(
kN

)
−
ψ̂

(
k
−

1

N

)
)
(
ψ̂

(
ℓN

)
−
ψ̂

(
ℓ−

1

N

)
)
.

•
N

on
p
aram

etric
estim

ate

P̂
N

P (K
k
,ℓ )

=
1n

n
∑i=

1

1{
(u

i ,v
i )∈

K
k
,ℓ }
.
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5.
S
im

u
lation

resu
lts.

N
u
m

erical
exp

erim
ents

on
th

e
fam

ily
of

cop
u
las

C
k

gen
erated

by
th

e
set

of
fu

n
ction

s

∀
k
≥

1,
ψ
k (x

)
=

1−
(x

k
+

(1−
x
)
k )

1/k
,
x
∈
I
.

•
W

h
en
k

=
1,
C

1 :
u
n
iform

d
istrib

u
tion

on
I

2.
S
p
earm

an
’s

R
h
o
ρ

1
=

0.

•
W

h
en
k
→

∞
,
ψ
k (x

)→
ψ
∞

(x
)

=
m

in
(x
,1−

x
)

for
all
x
∈
I
.

C
∞

:
m

ixtu
re

of
tw

o
u
n
iform

d
istrib

u
tion

s
on

th
e

squ
ares

[0,1/2] 2
an

d
[1/2,1] 2

w
ith

m
ixin

g
p
aram

eter
1/2.

S
p
earm

an
’s

R
h
o
ρ∞

=
3/4

(th
e

m
axim

u
m

valu
e

in
th

e

su
b
-fam

ily).

•
W

h
en

1
<
k
<

∞
,
b
ivariate

d
istrib

u
tion

“interp
olatin

g”
b
etw

een
th

e
tw

o
p
reviou

s
on

es.
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C
h
osen

b
asis

of
fu

n
ction

s:

e
s,ℓ (x

)
=

sin (
π2

(2
s
+

1x
−
ℓ) )

1{
2
s
+

1x
∈

[ℓ,ℓ
+

2]}
,

s
is

a
scale

p
aram

eter,
ℓ

is
a

location
p
aram

eter.
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T
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e
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ction

s
ψ
k (x

),
k
∈
{
2,4,8}

–
E

stim
ated

fu
n
ction

s
ψ̂
k (x

),
k
∈
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=
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k
ρ
k ×

10 −
2

m
ean

(ρ̂
S
P )×

10 −
2

m
ean

(ρ̂
N

P )×
10 −

2

1
0

0.81
0.18

2
42.5

43.0
41.2

4
66.4

65.8
64.3

6
71.2

70.6
68.8

8
72.8

72.1
70.2

E
stim

ation
of

th
e

gen
eratin

g
fu

n
ction

an
d

of
th

e
S
p
earm

an
’s

R
h
o

(ρ
k ).

T
h
e

m
ean

valu
e

of

th
e

estim
ates

ρ̂
S
P

an
d
ρ̂

N
P

are
evalu

ated
on

100
rep

etition
s.
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yellow
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0.75.

T
op

left:
sim

u
lated

sam
p
le,

top
right:

n
on

p
aram

etric
estim

ate,
b
ottom

left:
sem

ip
aram

etric
estim

ate,
b
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