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Figure 1: Map of Switzerland showing the stations of the 51 rainfall gauges used for the analysis,
with an insert showing the altitude. The 36 stations marked by circles were used to fit the models,
and those marked with squares were used to validate the models. The pairs of stations with blue
symbols will appear in the next Figure.
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Figure 1: Annual, summer and winter maximum daily rainfall values for 1962—2008 at the four pairs
of stations shown in blue in the previous Figure.
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L]

Let X1, X5, ... be independent replications from F
Provided that (G is non degenerate
X; — b,
Pr | max <z| — G(x), n— 400, (1)

1=1,....n an,

for some normalizing sequences a,, > 0 and b,, € R, then

G(x) = exp {—(1 — §x)_1/§} .

For modelling purposes, as long as n is large enough we will
assume

_ —1/¢
Pr['max Xigx]%exp _(1+§x ,u)

o
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L1 [

Let X1, X5, ... iid d-random vectors with distribution F’
Our interest is in the (non degenerate) limiting distribution
X;—Db

Pr | max T <x| — G(x), n — 00
1=1,....n adn

for some sequences a,, > 0 and b,, € R%. G is called a
multivariate extreme value distribution
Paralleling the univariate case we have

G'(x) = G{a(t)x + B(t)}, t >0,

for some normalizing functions a(t) > 0 and 3(t) € R
W.l.o.g. we'll assume unit Fréchet margins, i.e.,

G(r,+00,...,+0)=...=G(+00,...,400,2) = exp(—1/x),
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Theorem. Let E = [0, +0c]?\ {0}. G is a unit Fréchet MEVD

itf there exists a finite measure H on Sy = {y € E : ||y|| = 1}
such that

/deidH(w):l, G(X):exp{— max ﬂdﬂ(w)},

Sy 1=1,...,d I;

fortr=1,...,dandx € F.

Equivalently G(x) = exp{—V (z1,...,2q)} where V is
homogeneous of order —1, i.e. V(t-) =t~V (-), and
V(z,+oo,...,+00) =...=V(+oo,...,+00,z) =z L.

Remark. Let x = (x,...,x), x > 0. As V is homogeneous,
G(x) = exp{~V(z,...,2)} = exp(—b4/x) = G(z)",

where 03 = V(1,...,1) is known as the extremal coefficient.
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Theorem. Let E = [0, +0c]?\ {0}. G is a unit Fréchet MEVD

itf there exists a finite measure H on Sy = {y € E : ||y|| = 1}
such that

/ widH(w) =1, G(x) = exp {— ‘max ﬂdH(c.u)} :
Sy Sy 1=1,...,d I;
fortr=1,...,dandx € F.

Equivalently G(x) = exp{—V (z1,...,2q)} where V is
homogeneous of order —1, i.e. V(t-) =t~V (-), and
V(z,+oo,...,+00) =...=V(+oo,...,+00,z) =z L.

Remark. In a spatial context, it is more convenient to think of
the extremal coefficient as a function of the distance between to
points in R?. This is the extremal coefficient function

O(h) = —zlogPr{Z(o) < z,Z(h) < z}, z > 0.
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In trying to model spatial extremes, we aim at capturing the

1. spatial behavior of the marginal parameters, i.e., u,o,§&
2. spatial dependence, e.g., a single storm impacts several
locations

For the first point, one might use polynomial surfaces, e.g.,

p(x) = By + Pilon(z) + Balat(x)

For the second point, there are several possibilities based on
the model used

Statistical Modelling of Spatial Extremes — Mathieu Ribatet Grenoble — 8 / 38



Bayesian hierarchical models

. EVT

Il. Classical
approaches

> BHM
Copula
To take home

I1l. Max-stable
processes

IV. Spatial
dependence of
extremes

V. Simulation of
max-stable
random fields

VI. Pairwise
likelihood fitting

V. Application

0 Deterministic trend surfaces might not be flexible enough to
capture the spatial variability of the marginal parameters
O What if we use instead stochastic processes for this? E.g.,

p(x) = fulz; 5;) + Sp(T; s Ap),

where f,, is a deterministic function and S, is a zero mean

Gaussian process.
O Then conditional on the values of the 3 Gaussian processes at

the sites (x1,...,x1),
Yi(zj) | {u(zj), o(xj), E(z5)} ~ GEV{u(z;), o(x;), &(z5)},

independently for each location (x1,..., ).
O This is most naturally performed in a MCMC framework
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Assets and Drawbacks: BHM

0 The quantile surfaces are realistic
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Figure 2: Maps of the pointwise 25-year return levels for rainfall (mm) obtained from the latent
variable model. The left and right panels are respectively the estimated 0.025 and 0.975 quantiles,
and the middle panel shows the posterior mean.
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Assets and Drawbacks: BHM

0 The quantile surfaces are realistic but
O After averaging over S(x) the marginal distribution of {Y (x)} isn't GEV
0 The spatial dependence is ignored because of conditional independence

-40

20

Figure 2: One realisation of the latent variable model, showing the lack of local spatial structure.
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Assets and Drawbacks: BHM

0 The quantile surfaces are realistic but
O After averaging over S(x) the marginal distribution of {Y (x)} isn't GEV
0 The spatial dependence is ignored because of conditional independence
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Figure 2: Model checking for the Bayesian hierarchical model.
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[

One might be tempted to use copula to take into account the
spatial dependence
For instance using a Gaussian copula

Pr{Y(z1) <y1,...,Y(2x) <yp} =P {q)_l(ul), e
or a t-copula
Pr{Y(z1) <w1,....,Y(wg) <yp} =T, {T, (ur), ..., T, (up)}

where u; = GEV{y;; u(x;), o(x;),&(x;)} forall i =1,... k.
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Extreme value copulas

O Since we are working with extreme values, it might be more sensible to use
extreme value copulas, i.e., a copula C such that for all m € (0, )

C’(uT,...,u'Z‘):Cm(ul,...,uk), Ogul,...,ukgl.

O For example one might consider the Hiisler—Reiss copula

1.1 1.1
Pr{Y (z1) < y1,Y(z2) < y2} = exp {CI) {E + —1In nuz}lnm + P {E +=In—2 }lnuz} :
2 a Inu; 2 a Inus

or the extremal—t copula

P 1 /Inug\1/¥ P 1 /lnug \1/¥
InPr{Y(z1) <y1,Y(z2) <y2} =Tpy1{—7 + = ( ) nui+Typ1{——+ — ( ) In ug,
b ' b \lnug b ' b \Inusg

where b% = (1 — p?) /(v + 1).
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Assets and Drawbacks: Copula

O Non extreme value copulas might falsely appear to be adapted

Figure 3: One simulation from the fitted Gaussian copula model.
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Assets and Drawbacks: Copula

O Non extreme value copulas might falsely appear to be adapted
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Figure 3: Comparison between the empirical variogram and the fitted one (red line) on the Gaus-
sian/Student scale. On the original scale we compare the extremal coefficient function. Grey points:
data used for model fitting, black ones: data used for model validation.
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Figure 3: Model checking for the gaussian copula model.
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0 These two models all fail to capture some aspect of the data

Latent More realistic quantile surfaces but still no spatial

dependence modelling

Copula Might falsely take into account the spatial dependence —

if not max-stablel

O How one can model spatial extremes?
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[

[

Let {Y(z): x € X} be a continuous sample path stochastic
process and Y7, ....,Y,, independent replicates of it
Our goal is to focus on the (non degenerate) limiting process

{ Yi(x) —

n — +00,

max
1=1,....n

by () d
el BRI

where a,(z) > 0 and b, (x) are sequences of continuous
functions.

de Haan [1984] shows that the class of the
limiting process {Z(z): © € X'} corresponds to that of
max-stable processes.
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Definition. A stochastic process {Z(x): x € X'} with continuous
sample paths is called max-stable if there are continuous functions

an(xz) > 0 and b,(z) € R such that if Z,.. iid

. L ~ Z then
ZZ y _bn y
e Zi0) = a() d

1=1,....n a,n()

Z(), i=12,...

Remark. If {Z(xz): z € X'} has unit Fréchet margins then the
above equation becomes
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0 Probably the most useful spectral representation of
max-stable processes is the following.

Theorem (Penrose, 1992; Schlather, 2002). Let {;};>1 be the
points of a Poisson process on (0, 00) with intensity

dA(§) = £72d€ and Y1, Yy, ... be i.i.d. replications of a non
negative stochastic process Y such that E{Y (x)} = 1, for all

x € X. The processes Y; and the points of the Poisson process
are assumed to be independent. Then

Z(-) = I?Zaf(fiyi(‘)-

Is a max-stable process with unit Fréchet margins.

O Suitable choices for Y(+) yield different max-stable processes.
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Some models

Smith Y(x) = p(x — U;), {U;}i>1 points of a homogeneous PP on R4

Schlather Y;(x) = v/2me;(x), €;(+) standard Gaussian process

Geometric Y;(z) = exp{oe;(x) — 0%/2}

Brown—Res. Y;(x) = exp{e;(x) — ()}, €;(+) intrinsically stationary
Gaussian process with (semi) variogram +.

Geometric Brown—Resnick Precipitation (mm)

Figure 4: One realization of a max-stable process. From left to right: extremal coefficient functions,
Smith’s, Schlather’s, Geometric and Brown—Resnick’s models.
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Since the fidis of max-stable processes are multivariate
extreme value distributions, there are some strong
connections with extreme value copulas.

For instance

— the Hisler—Reiss copula corresponds to the fidis of

Brown—Resnick processes.

— The extremal-t copula corresponds to the fidis of

Z(Q?) — m>alX Cl/fi maX{Oa Ei(w)}y

for some known constant ¢, v > 1 [Opitz, 2013].
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0 It would be nice to have a kind of variogram for extremes of a
stochastic process

Y — ) = SE{Z(a1) ~ Z(@2)}]

O But if we assume that Z is a unit Fréchet max-stable process,
Var{Z(xz)} = E{Z(x)} = <!

Theorem (Cooley et al., 2006). If{Z(x): x € X'} is a unit
Fréchet max-stable process, then

(9(561 — .CCQ) —1
(9(561 — .CCQ) + 1.

QVF(xl — 332) =E HF(Z(QUl)) — F (Z(xQ)) H —
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Smith A(h) = 2@ { VAT Sth

Schlather =1+ g (h)

Geometric 6(h) = 20 { h)}}

h
ey

Brown—Resnick 6(h)

0 Constraints on positive definite function [Matérn, 1986]

implies that for the Schlather case, 6(
h — oo: independence never reached!

h) — 1++/1/2 as

0 Similarly for the Geometric model, 6(h) < 2®(0.838¢0) and
O(h) — 2®(c/+/2): independence if 0% large enough.
O If v is unbounded, independence is always reached.
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0 Recall that the spectral representation is

Z(z) = max §;Y;(z),

1>1

where {{;};>1 are the points of a Poisson process on (0, 00|
with intensity dA(¢) = ¢72d¢ and Y; 1S Y where Y satisfies
E{Y(x)} =1.

O Simulation of an infinite number of points of a Poisson
process and independent replications of Y are required —
ouch!

0 Under further assumptions on Y it is however possible to get

exact simulations.
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Start with a standard PP on (0, >), i.e., Y FE;, E; S Exp(1)
— intensity A([a,b]) =b—a

Apply the mapping T : x — 2! to the above points, this
gives a new PP with intensity measure

A(la, b)) = MT7 (@, b))} = A(p~ " a7y =a™! — 07"

and its intensity density is as required dA(£) = £2d¢.

But (up to a permutation) &, a 1/  E; L 0T as
n — 400, so if Y is uniformly bounded by C' < +o00 then

0<&Y(x) <&O 10T, n — 400

And we only need a finite number of replications
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O When Y isn't stationary like for Brown—Resnick processes

Y(z) = expie(z) — ()},

the above algorithm give poor approximations

v(h) x b, 0 < a < 2,

log{ Z(x)}

-20 O

-60
!

-100

0

h

log{ Z(x)}
~60

-20 O

-100

h

log{ Z(x)}

-200

0

-100

-300

|
= -
[

0
h

Figure b: Simulation of Brown—Resnick processes when € is a fraction Brownian motion. These
simulation are based on m = 250 independent simulations (grey curves). The black curves corresponds
to the simulated Brown—Resnick processes.
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Random shifting
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O Since B.—R. processes are stationary one can use

Z(x) = max & expiei(z—U;)—y(x—U;) }, U, S F arbitrary.

0 Roughly speaking the random shifting  — x — U mitigates
the impact of the conditioning £(0) = 0 a.s.

a=05 a=1 a=15
O
- WMMW O o A AN A o -
o_
8
g - o n
= = 0 =
e x| S o
N T N N O
5 o =3 @ ¢
S ® S 8 S
| — 7] o
| S |
1 7
o o
? 2 g |
T T T T T | T T T T T q|- T T T T T
-400 0 200 -40 0 20 40 -20 -10 0 10 20

Figure 6: Simulation of a Brown—Resnick process using uniform random shiftings.
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Computational burden

0 Let {Z(z)} be a (unit Fréchet) max-stable process. We have

Pr[Z(x1) < z1,...,Z(xk) < zi] = exp{—V(21,...,21)}.

O The corresponding density is therefore

k
Fotses2t) = 5 PrlZ (1) < 21, 20 < )
0 When k=2, f=(V1Vo — Viz)exp(—V)
[] When k’ — 3, f — (V12V3 -+ V13V2 —+ V1V23 — V123 — V1V2V3) exp(—V)
0 Combinatorial explosion: when k& = 10 a single likelihood evaluation would

require a sum of over 100,000 different terms.
O How to bypass this computational burden? Use pairwise likelihood.
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Composite likelihoods

Definition. Let {f(y;0),y € V,0 € ©} a parametric statistical

:'._Ecv.;ica. model, where Y CR¥, ®© CRP, k> 1and p > 1.

:‘I’p;a‘:hes Consider a set of (marginal or conditional) events

prsce:‘s);_:table {A;: A; C F,i €1}, where I C N and F is a o-algebra on ).
V. Spatial A log-composite likelihood is defined as

extremes

v le(B;y) = Y wilog f(y € Ai; 0)

random fields icl

VI. Pairwise

oo~ Where f(y € A 0) = f{y; €V y; € Ai}:0), y=(y1,- -, Un)

e posite and {w;,i € I} is a set of suitable weights.

> likelihoods

Why does it work?

Fleymptotics 0 In a nutshell, log-composite likelihoods are just linear

Model Selection

V. Application combinations of (smaller) log-likelihood entities
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L1 [

First, note that the “full likelihood” is a special case of
composite likelihood

For i being fixed, log f(y € A;;60) is a valid log-likelihood
Thus leading to an unbiased estimating equation

Viog f(y € Ai;0) =0

Finally VZ2.(0;y) = > _,c;wiViog f(y € A;;0) =0 is
unbiased — as a linear combination of unbiased estimating
equations

For max-stable processes, as only the bivariate densities are
known we will consider the pairwise likelihood

Zzlogf yk 7yk ; )

k=1 1<y
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Asymptotics

et 0 Instead of having

I1. Classical

approaches VR{H )20 - 0) -5 N(0,1d,),  n— +oo

I1l. Max-stable
processes

IV. Spatial Where H(@) — —]E{V2€(0, Y)}, (Ml/Q)TMl/Z — M
dependence of

i O When we work under misspecification - which is the case

V. Simulation of when using composite likelihoods, we now have

max-stable
random fields

VI Pairwise Va{H(0)J(0) TH(0)}/2(0—6) %5 N(0,1d,),  n — +oo

likelihood fitting

Computational

le_Zuol:rj;)r;site Where J(@) = Var{Vf(@, Y)}
Wiy reetwoie 0 Note that if the 2nd Bartlett idendity holds then

> Asymptotics

Model Selection H(H)J(H)_lﬂ(e) = H(0),

V. Application

i.e., usual MLE asymptotics.
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[

[

Since we use composite likelihood, standard tools for model
selection cannot be used

However |C and likelihood ratio tests can be used up to slight
modifications, i.e.,

TIC = —20,(0) + ktr{J(6)"'H(H)},  k=2,logn

and
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Table 1: Summary of the max-stable models fitted to the Swiss rainfall data. Standard errors are
in parentheses. (x) denotes that the parameter was held fixed. h_ and hy are respectively the
distances for which 0(x) is equal to 1.3 and 1.7. NoP is the number of parameters. ¢, is the pairwise
log-likelihood evaluated at its maximum. TIC is an information criterion for model selection under
misspecification — TI1C = —20, + 2tr{ JH 1},

Smith
Correlation 11 0192 099 h_ h NoP Ly TIC
Isotropic 259 (45) 0 (=) 022 = 011 12.4 33 8 —212455 427113
Anisotropic 251 (46) 64 (13) 290 (50) 6.6-11.1  18-30 10 —212395 427020
Schlather
Correlation A K h_ h NoP Ly TIC
Whittle 39.3 (21.4) 0.44 (0.12) 6.0 147 9 —210813 424200
Cauchy 8.0 ( 2.2)  0.34 (0.16) 7.1 2370 9 —210874 424321
Stable 34.8 (11.5)  0.95 (0.16) 6.3 146 9 —210815 424206
Exponential 34.1 ( 9.0) —_ 6.8 134 8 —210816 424167
Geometric Gaussian
Correlation o2 A K h_ h NoP Ly TIC
Whittle 11.05 (3.84) 700 ( * ) 0.37 (0.03) 5.8 86 9 —210349 423232
Cauchy 30.85 (8.14) 5.21 (0.66) 0.01 ( * ) 6.7 192 9 —210412 423355
Stable 15.04 (5.36) 1000 ( * ) 0.76 (0.06) 5.9 86 9 —210349 423233
Exponential 2.42 (0.93) 53.2 (18.4) —_ 7.0 116 9 —210368 423271
Brown—Resnick
Correlation A « h_ h NoP Ly TIC
fBm 30 (9.23) 0.74 (0.07) 5.8 84 9 —210348 423231
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Figure 7: Comparison between the F-madogram estimates for the fitting (grey
points) and the validation (black points) data sets and the estimated extremal coef-
ficient functions for different max-stable models.
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Figure 7: One realization of the best Smith, Schlather, geometric Gaussian and

Brown—Resnick max-stable models, on a 50 x 50 grid.
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Figure 7: Model checking for the best max-stable model (Brown—Resnick).

Statistical Modelling of Spatial Extremes — Mathieu Ribatet

Grenoble — 37 / 38



Advertising

. EVT

Il. Classical
approaches

I1l. Max-stable
processes

IV. Spatial
dependence of
extremes

V. Simulation of
max-stable
random fields

VI. Pairwise
likelihood fitting

V. Application

> Advertising

Thank you for your attention!

Advertising:

O If you want to play with max-stable processes, have a look at
the SpatialExtremes R package

http://spatialextremes.r-forge.r-project.org/
O This talk was based on

Davison, A.C., Padoan, S.A. and Ribatet, M. (2012)
Statistical Modelling of Spatial Extremes, Statistical Science,
7(2):161-186.
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