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I. Statistical Framework

• Let {(Xi, Yi), i = 1, . . . , n} be independent copies of a random pair (X,Y ) ∈ R
p × R

where Y is a variable of interest associated with a covariate information X .

• Estimate for all x ∈ R
p fixed and for all αn → 0, the extreme level curves defined as the

graphs of the functions x ∈ R
p 7→ q(αn|x) ∈ R verifying

F̄ (q(αn|x)|x)
def
= P (Y > q(αn|x)|X = x) = αn,

when the conditional cumulative distribution function of Y given X = x is heavy-tailed
with tail index γ(x), i.e,

q(αn|x) = α
−γ(x)
n ℓ(1/αn|x),

with γ(.) an unknown and positive function of the covariate x called “the conditional tail
index” and ℓ(.|x) a “slowly-varying function at infinity”, i.e for all λ > 0,

lim
y→∞ ℓ(λy|x)/ℓ(y|x) = 1.

II. Estimators

q̂n(αn|x) = ˆ̄F←n (αn|x) = inf
{

t, ˆ̄Fn(t|x) ≤ αn

}

.

ˆ̄F←n is the generalized inverse of an estimator of the conditional survival function
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= ψ̂n(y, x) /ĝn(x).

• The kernel functionK(.) is positive, bounded and integrable on a compact support S ⊆ R
p.

• The sequence of window-width hn → 0 as n→∞.

• The function ĝn(.) is the classical kernel estimator of the point distribution function g(.)
of X .

• The function ψ̂n(y, x) is an estimator of ψ(y, x) = F̄ (y|x)g(x)

III. Asymptotic distribution of q̂n(αn|x)

1. In [2], Collomb has established the weak consistency of the kernel estimator of the point
distribution function g(.).

2. If ℓ(.|x) is normalized and under some regularity conditions, we establish the asymptotic

behavior of the estimator ψ̂n(yn, x) and we deduce the asymptotic distribution of the

estimator ˆ̄Fn(yn|x) when the sequence yn goes to infinity not too fast.

3. It follows that, for all x ∈ R
p and for all j = 1, . . . , J such that αn,j = τjαn, if αn→ 0,

nh
p
nαn→∞, nhpnαn→∞ and nh

p+2
n αn log

2(αn)→ 0 as n→∞, then we deduce that
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,

where Σj,j ′(x) = 1/τj∧j ′ for (j, j′) ∈ {1, . . . , J}2 with (τj) a positive and strictly decreas-
ing sequence.

IV. Applications

•Application 1 : A kernel version of the Hill estimator (see [3])

γ̂Hn (x) =
J
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log
(

q̂n(αn,j|x)/q̂n(αn,1|x)
)

/

J
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)

with J > 1.

•Application 2 : A kernel version of the Weissman estimator (see [4])

q̂Wn (βn|x) = q̂n(αn|x) (αn/βn)γ̂
H

n (x) where βn < αn.

• Second-order condition : the function ε(y|x) def= yℓ′(y|x)/ℓ(y|x) → 0 as y → ∞ and
|ε(.|x)| is continuous and ultimately non-increasing.

• This condition allows us to establish the asymptotic distribution of γ̂Hn (x) and q̂
W
n (βn|x).

V. Asymptotic distribution of γ̂Hn (x) and q̂
W
n (βn|x)

1. If
√
nhpαnε(q(αn,1|x)|x)→ 0 as n→∞, then for all x ∈ R

p,
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2. If βn/αn→ 0 as n→∞, then for all x ∈ R
p,

√
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VI. Numerical experiments on simulated data

•We have generated m = 100 replications of the sample {(Xi, Yi), i = 1, . . . , n} of size
n = 1000 with the conditional quantile defined by

q(αn|x) = (− log (1− αn))−γ(x) (Fréchet distribution),

and the following conditional tail-index function has been chosen

x ∈ [0, 1] 7→ γ(x) =
1
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.

•We set τj = 1/j for each j = 1, . . . , J .To compute γ̂Hn (x) and q̂
W
n (βn|x) we have fixed

J = 9 (since VJ is minimum for J = 9 with V9 ≃ 1.25) and we have used a Biquadratic-
kernel. We have represented the best estimators obtained in minimizing a distance between
the estimated conditional extreme quantile and the true one.
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Figure 1: Comparison of the true conditional extreme quantile q(5 log(n)/n|.) (black) with
q̂n(5 log(n)/n|.) (red) where hn = 0.111 and the kernel Weissman estimator q̂Wn (5 log(n)/n|.)
(blue) with hn = 0.111 and αn = 0.2 (red). The vertical axis is in a logarithmic scale.
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Figure 2: Comparison of the true conditional extreme quantile q(1/2n|.) (black) with the ker-
nel Weissman estimator q̂Wn (1/2n|.) (blue) with hn = 0.167 and βn = 0.45. The vertical axis is
in a logarithmic scale.
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