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Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionLinear regressionY = Xθ + σǫ ,with Y response ve
tor of size n.
θ ∈ Rp is unknown.
ǫ ∼ N (0n , In). σ sometimes known.Design X of size n × pDesign X of size n × p :1 Considered as �xed2 Considered as random : ((Y1 ,X1), . . . , (Yn ,Xn)) are n iid. observations of themodel : Y = Xθ + σǫ with X∗ ∼ N (0p ,Σ) and ǫ ∼ N (0, 1).2/30
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tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionClassi
al statisti
al 
hallengesY = Xθ + σǫ

(P1) : Predi
tion. Estimating a signal E[Y] = Xθ.
6= predi
tion in a random design setting : Estimate E[Ynew|Xnew].

(P2) : Linear hypothesis testing. Testing the null hypothesis H0 : "θ = 0" againstH1 : �θ 6= 0 but θ is sparse in some sense".
(P3) : Inverse Problem. Estimating θ.
(P4) : Support estimation. Re
overing the support of θ. {i , θi 6= 0}.
(P′4) : dimension redu
tion . Estimating a set of 
ovariates M̂ ⊂ {1, . . . p} ofreasonable size whi
h 
ontains the support of θ with large probability. .3/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionHigh dimension and sparsityIn many appli
ations (e.g., postgenomi
s, fMRI), the number p of 
ovariates is mu
hlarger than n.Sparsity : most of the 
omponents of θ are zero.Notation : Θ[k, p] set of k-sparse ve
tors.High dimensional statisti
s : k ≤ n ≤ p.Theoreti
al 
hallenges (non asymptoti
 analysis of pro
edures)Computational 
hallenges : e.g. Lasso, Dantzig sele
tor, . . .
θ̂ := arg inf

θ′
‖Y − Xθ′‖2n + λ‖θ′‖1
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Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionGenes of E. ColiComplex intera
tions between the genes andtheir produ
ts that regulate the expression ofthe genes.Goal : Inferring a part of the gene networkusing trans
riptomi
 dataTrans
riptomi
 = measure the gene expression levelsAnalyzing dependen
ies patterns in the dataset. Xa =
∑b 6=a θabXb + ǫa ,with θab 6= 0 if and only if a ∼ b.5/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionMinimax properties and adaptationUnderstand the stru
tural limitations of these problems :1 For a given problem, what is the smallest risk that one 
an a
hieve ?2 Is it possible to get a reasonable risk bound for arbitrarily large p ?
 What 
an we do with p = 5000 genes and n = 50 mi
roarray experiments ?
 p = 200 genes and n = 50 mi
roarray experiments ?
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tion (P1) Test (P2) Inverse (P3) Con
lusionMinimax properties and adaptationUnderstand the stru
tural limitations of these problems :1 For a given problem, what is the smallest risk that one 
an a
hieve ?2 Is it possible to get a reasonable risk bound for arbitrarily large p ?
 What 
an we do with p = 5000 genes and n = 50 mi
roarray experiments ?di�
ult if k ≥ 4
 p = 200 genes and n = 50 mi
roarray experiments ? di�
ult if k ≥ 8Given a loss fun
tion l(., .) and an estimator θ̂, the maximal risk of θ̂ over Θ[k, p] isde�ned by sup

θ∈Θ[k,p]Eθ,σ [l(θ̂, θ)] .The minimax risk over Θ[k, p] isinf̂
θ

sup
θ∈Θ[k,p]Eθ,σ [l(θ̂, θ)] .Main goal : Computing the minimax risk Θ[k, p] for di�erent loss fun
tions asso
iatedto problems (P1 − P4).In pra
ti
e the sparsity k is unknown and the varian
e σ2 is often unknown.Can we adapt to k ? Can we adapt to σ2 ?6/30
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ePredi
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Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionGaussian sequen
e model
Parti
ular 
ase : p = n and X = I :Yi = θi + σǫi , i = 1, . . . n.
 Donoho and Johnstone (94,95), Ingster (02), Baraud (02), Donoho and Jin (04)
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Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionMinimax risk of estimationProposition
�1k log(ep/k) ≤ inf

θ∈Θ[k,p] ‖θ̂ − θ‖2n/(nσ2) ≤ �2k log(ep/k)If the support of θ is known, the risk is k/n.
 logarithmi
 pri
e be
ause the support is unknown.This risk is a
hieved by thresholding methods (soft and hard).Adaptation to the sparsity is possible with thresholding te
hniques.
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tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionMinimax risk over worst-
ase designsGoal : Estimating E(Y) = Xθ.Loss fun
tion : ‖X(θ̂ − θ)‖2n/(nσ2)
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Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionMinimax risk over worst-
ase designsGoal : Estimating E(Y) = Xθ.Loss fun
tion : ‖X(θ̂ − θ)‖2n/(nσ2)If the support of θ is known  parametri
 risk k/n.
omplex dependen
y of the minimax risk inf
θ̂
supθ∈Θ[k,p] Eθ,σ [‖X(θ̂ − θ)‖2n/(nσ2)] onthe design X.Goal : emphasizing the respe
tive roles of (k, n, p).

 Minimax risk uniformly over all designs X of size n × p.
R[k] := supX inf̂

θ
sup

θ∈Θ[k,p]Eθ,σ [‖X(θ̂ − θ)‖2n/(nσ2)]
10/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionPropositionFor all k ≤ n ∧ p, we have
�
kn log(ep/k) ∧ 1 ≤ R[k] ≤ �′ kn log(ep/k) ∧ 1

R[k] ≃ � kn log(ep/k) ∧ 1. 0 10

0
10

k or log(p)

M
in

im
ax

 r
is

k

Comments :In reasonable dimension, "logarithmi
 pri
e" if we do not known the support.
 analogous to the Gaussian sequen
e model (Johnstone (94)).In ultra-high dimension, the problem is as 
omplex as estimating a ve
tor in Rn(without any assumption).

θ̂k := arg inf
θ∈Θ[k,p] ‖Y − Xθ‖2n si k ≤ k∗

θ̂n := arg inf
θ∈Rn ‖Y − Xθ‖2n if k ≤ k∗Convex 
riteria (LASSO, Dantzig Sele
tor) a
hieve these risk bounds only underrestri
tive hypotheses on X.11/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionGeometri
al InterpretationLet X be as size n × p design. Sparse eigenvalues
Φk,+(X) = sup

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2p Φk,−(X) = inf

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2pPropositionFor all designs X, we have

R[k,X] := inf̂
θ

sup
θ∈Θ[k,p]Eθ,σ [

‖X(θ̂ − θ)‖2nnσ2 ]

≥ C Φ2k,−(X)
Φ2k,+(X) kn log ( pk )
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‖θ‖2pPropositionFor all designs X, we have

R[k,X] := inf̂
θ

sup
θ∈Θ[k,p]Eθ,σ [

‖X(θ̂ − θ)‖2nnσ2 ]

≥ C Φ2k,−(X)
Φ2k,+(X) kn log ( pk )Comments :If Φ2k,−(X)/Φ2k,+(X) is 
lose to 1 (
ondition de Riesz), then the minimax riskis of the order k/n log(ep/k) (Raskutti et al. (10)).Under su
h 
onditions, LASSO, Dantzig Sele
tor, ... work wellLower bound based on Fano's lemma : Evaluate the "size" of the neighborhoodof 0n in {Xθ, θ ∈ Θ[k, p]}.Corollary : Impossible to build a matrix of size n × p su
h that

Φ2k,−(X)/Φ2k,+(X) is 
lose to 1 if k log(p/k) is large 
ompared to n.(Baraniuk et al. 2008).12/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionAdaptation to sparsity
Adaptation to sparsity (penalized least-square estimators, e.g., Birgé/Massart (01)).k̂ := arg inf

{k≤k∗}∪{n} ‖Y − Xθ̂k‖2n + σ2pen(k) .We 
an take pen(k) = 3k log(ep/k) for k ≤ k∗ and pen(n) = 2n.BIC and AIC underpenalize in theory and pra
ti
e.Minimizing this 
riterion has a non polynomial 
omputation burden.
13/30
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k Adaptation to the varian
e is possible (least-squares estimators).
θ̂k := arg inf

θ∈Θ[k,p] ‖Y − Xθ‖2n
θ̂n := arg inf

θ∈Rn ‖Y − Xθ‖2n
14/30
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e is possible (least-squares estimators).
θ̂k := arg inf

θ∈Θ[k,p] ‖Y − Xθ‖2n
θ̂n := arg inf

θ∈Rn ‖Y − Xθ‖2nIs it possible to be simultaneously adaptive to the sparsity and the varian
e ?Baraud/Giraud/Huet (09)k̃BGH := arg infk≤n/2 ‖Y − Xθ̂k‖2n [1+ ψ(k)] ,
ψ plays the role of a penalty.14/30
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k Adaptation to the varian
e is possible (least-squares estimators).
θ̂k := arg inf

θ∈Θ[k,p] ‖Y − Xθ‖2n
θ̂n := arg inf

θ∈Rn ‖Y − Xθ‖2nIs it possible to be simultaneously adaptive to the sparsity and the varian
e ?Baraud/Giraud/Huet (09)k̃BGH := arg infk≤n/2 ‖Y − Xθ̂k‖2n [1+ ψ(k)] ,
ψ plays the role of a penalty.No, it is impossible, BGH is optimal.14/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionMinimax separation distan
eH0 : θ = 0 against H1 : θ ∈ Θ[k, p] \ {0}.Fix δ > 0. ψα test of Level α.Separation distan
e of ψα :
ρ[ψα, k,X] := inf{ρ > 0, inf

θ∈Θ[k,p], ‖Xθ‖n≥√nρσ Pθ,σ [ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ
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e of ψα :
ρ[ψα, k,X] := inf{ρ > 0, inf

θ∈Θ[k,p], ‖Xθ‖n≥√nρσ Pθ,σ [ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ Minimax distan
e of separation
ρ∗[k,X] := inf

ψα

ρ[ψα, k,X] .
ρ∗[k] := supX ρ∗[k,X]
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lusionKnown varian
e σ2If the support of θ is known  square of the parametri
 separation distan
e √k/n.
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Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionKnown varian
e σ2If the support of θ is known  square of the parametri
 separation distan
e √k/n.TheoremAs long as p ≥ n ≥ �(α, δ) and k ≤ p1/3, wehave
(ρ∗[k])2 ≃ �[α, δ]

[kn log ( epk )
∧ 1√n] .
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Comments :If k log(ep/k) is small before √n, analogous to minimax risk for predi
tion.Analogous to Gaussian sequen
e model (Baraud (02), Donoho/Jin (04)).Large (k, p) ⇒ parametri
 separation distan
e over Rn.Adaptation to the sparsity is possible. (Bonferroni multiple testing pro
edure).16/30



Introdu
tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionA near optimal pro
edure (Baraud 02)
M(k, p) : subsets of {1, . . . , p} of size k.
Πm Orthogonal proje
tion over ve
t(Xi , i ∈ m).Reasonable dimensionFor m ∈ M(k, p), Fm := ‖ΠmY‖2n/σ2.Under H0, Fm ∼ χ2(k).Under H1, Fm ∼ χ2(v2, k) with v2 := ‖ΠmXθ‖2n.

 if supp(θ) = m, v2 = ‖Xθ‖2n.
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 if supp(θ) = m, v2 = ‖Xθ‖2n.
 Bonferroni Pro
edure.Tk := supm∈M(k,p)Fm − χ̄−1k (α/|M(k, p)|)Tk is powerful if θ ∈ Θ[k, p] et ‖Xθ‖2n ≥ �k log(ep/k)σ2 .Ultra-high dimensionIf k ≥ k∗, Tn := ‖Y‖2n/σ2 − χ̄−1n (α).Tn is powerful if ‖Xθ‖2n ≥ �√nσ2 .17/30
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lusionUnknown varian
e σ2
ψα : supσ>0 P0,σ[ψα = 1] ≤ α. Separation distan
e when the varian
e is unknown.

ρU [ψα, k,X] := inf{ρ > 0, inf
σ>0, θ∈Θ[k,p],
‖Xθ‖n≥√nρσ Pθ,σ[ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ

ρ∗U [k,X] := inf
ψα

ρU [ψα, k,X] .
ρ∗U [k] := supX ρ∗U [k,X]
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Pθ(ψα > 0) ≤ 1 − δ
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ρ∗U [k,X] := inf
ψα

ρU [ψα, k,X] .
ρ∗U [k] := supX ρ∗U [k,X]TheoremIf p ≥ n ≥ �(α, δ) and k ≤ p1/3, we have

(ρ∗U [k])2 ≃ �[α, δ] kn log ( epk ) exp [�[α, δ] k log(ep/k)n ]
.
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Comments :If k log(ep/k) ≤ √n, same minimax separation distan
e as for known varian
e.Blow up in ultra-high dimension.Upper bound  (Baraud/Huet/Laurent (03)) repla
e χ2 tests by Fisher tests.18/30
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tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionMain Idea (Le Cam)Total varian
e distan
es
‖P −Q‖TV = supA |P(A) − Q(A)|Simples Hypotheses :We 
onsider the hypothesis H0 : θ = 0 against H1 θ = θ0.

(α, β) Type I and II errors T .A = 1T=1 ⇒ |P0(A)− Pθ0(A)| = 1− β − α ≤ ‖P0 − Pθ0‖TV .
 β ≥ 1− α− ‖P0 − Pθ0‖TV
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e distan
es
‖P −Q‖TV = supA |P(A) − Q(A)|Simples Hypotheses :We 
onsider the hypothesis H0 : θ = 0 against H1 θ = θ0.

(α, β) Type I and II errors T .A = 1T=1 ⇒ |P0(A)− Pθ0(A)| = 1− β − α ≤ ‖P0 − Pθ0‖TV .
 β ≥ 1− α− ‖P0 − Pθ0‖TVComposite hypotheses :H0 : θ = 0 against H1 : θ ∈ {θ1, θ2, . . . , θr}

α type I error. Type II error is uniformly smaller β.Idea : we 
onsider a prior distribution µ on {θ1, θ2, . . . , θr}.T test of P0 against Pµ =
∑ri=1 µiPθi .

 β ≥ 1− α− ‖P0 − Pµ‖TVTwo ingredients :1 A 
lever 
hoi
e of µ2 An upper bound of ‖P0 − Pµ‖TV .19/30
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lusionInverse problemLoss fun
tion : ‖θ − θ̂‖2p/σ2.
RI[k,X] := inf̂

θ
sup

θ∈Θ[k,p]Eθ,σ [‖θ − θ̂‖2p/σ2] .
RI[k,X] is in inversely proportional to the design.
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lusionInverse problemLoss fun
tion : ‖θ − θ̂‖2p/σ2.
RI[k,X] := inf̂

θ
sup

θ∈Θ[k,p]Eθ,σ [‖θ − θ̂‖2p/σ2] .
RI[k,X] is in inversely proportional to the design.
 Colle
tion Dn,p of designs X su
h that ea
h 
olumn is normed to one.

RI[k] := infX∈Dn,p RI[k,X] .
 For the "best possible design", what is the minimax risk ?
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tion (P1) Test (P2) Inverse (P3) Con
lusionTheoremAssume that k log(ep/k) ≤ �n. Then,
RI[k] ≃ �k log ( epk )

.Assume that k log(ep/k) ≫ n log(n), then
RI[k] ≃ � exp [� kn log(p/k)] 0 10
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Comments :In "reasonable" dimension, there exist designs su
h that the minimax risk is ofthe order k log ( epk )ex : Dantzig sele
tor if X satis�es a restri
ted isometry property.Standard Gaussian design statis�es su
h a property.Blow up in ultra-high dimension.  no design allows to re
over θ.21/30
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tion (P1) Test (P2) Inverse (P3) Con
lusionGeometri
al interpretation in ultra-high dimensionPropositionFor any design X ∈ Dn,p and any k ≤ n ∧ p/2, we have
Φ2k,−(X) ≤ Ck2 (kp)2k/n

∨ 1 .Consider a sequen
e (kn , pn) su
h that [kn log(pn/kn)]/{n log(n)} → ∞.
(pnkn )4kn/n log

& RI[kn] log∼ infX∈Dn,pn Φ−12kn ,−(X) log
&

(pnkn )2kn/n
.
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tion Gaussian sequen
e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionSupport estimation and dimension redu
tionDe�nitionThe set Cpk (ρ) is de�ned as θ ∈ θ[k, p] su
h that θ 
ontains exa
tly k non zero
oe�
ient that are all equal to ρ/√k.
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tion (P1) Test (P2) Inverse (P3) Con
lusionSupport estimation and dimension redu
tionDe�nitionThe set Cpk (ρ) is de�ned as θ ∈ θ[k, p] su
h that θ 
ontains exa
tly k non zero
oe�
ient that are all equal to ρ/√k.Hypothesis : k ≤ p1/3X follows a standard Gaussian distribution.
σ2 = 1.Proposition (dimension redu
tion is almost impossible)

ρ2 = � kn log ( pk ) exp [�′ kn log ( pk )] .There exists a 
onstant 0 < δ < 1 su
h that for ea
h set M̂ of {1, . . . , p} of sizep0 ≤ pδ, we have sup
θ∈Cpk (ρ)Pθ,1 [supp(θ) * M̂]

≥ 1/8 .Comments :In ultra-high dimension, it is almost impossible to estimate the support in θ.It is even almost impossible to redu
e e�
iently the dimension of the problem.23/30
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θk+1 = . . . = θp = 0.We have ‖θ‖2 = 16k log(p)/n.
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tion (P1) Test (P2) Inverse (P3) Con
lusionSimulationsp = 5000 and p = 200, n = 50.
σ = 1.X follows a standard Gaussian distributionk = 1, . . . , 15.
θ1 = . . . = θk = 4√log(p)/n ≈ 1.30 (resp. 1.65) for p = 200 (resp. p = 5000) et
θk+1 = . . . = θp = 0.We have ‖θ‖2 = 16k log(p)/n.Dimension redu
tion pro
edure. We apply the SIS method (Lv and Fan) and theLASSO as a way to redu
e dimension to a set M̂S of size p0 = 50.Power of the pro
edures :Puissan
e :=

Card[M̂S ∩ {1, . . . , k}]k .
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θ su
h that θ1 = . . . = θk = u√log(p)/n and θk+1 = . . . = θp = 0.Compute u∗k the smallest u su
h that M̂L has a power larger than 0.9.
 u∗k 
orresponds to the minimal intensity of the signal so that the redu
tionpro
edures forgets non relevant 
ovariates.
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Figure: Minimal signal u∗k as a fun
tion of k .26/30
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e Predi
tion (P1) Test (P2) Inverse (P3) Con
lusionCon
lusion
Transition when k log(p/k)/n is large.Several phenomenons are o

urring in ultra-high dimension1 Minimax risks are blowing up.2 The knowledge of the varian
e is 
ru
ial for some problems.3 Di�eren
e between the �xed design and random design.4 The problems related to inverse problems be
ome too di�
ult.
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lusionCon
lusionWhat does the senten
e "k log(p/k)/n is large" mean ? One heuristi
 : 1/2Rule of thumb :p = 5000 genes and n = 40 mi
roarray experiments :  4 log(p/4)/n ≃ 0.57What 
an we do for ultra-high dimensional models ?1 Take n larger (sometimes expensive)2 Take p smaller  Okay, if some 
ovariates by prior knowledge.
 No ! if dimension redu
tion are applied.3 Use some prior knowledge.  okay, if the prior probability of ea
h model islarger than e−n !
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